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FOREWORD. 

There are fire different kinds of latitude that come 
under consideration in the application of mathematical 
analysis to questions of geodesy and cartography. It is 
the aim of this pubUcation to express the ditference be- 
tween the geodetic or astronomic latitude and each of the 
various four other kinds of latitude in a series of the sines 
of the multiple arcs. This difference in each case is ob- 
tained in an expression in the sines of the multiple arcs of 
the geodetic or astronomic latitude and also in a series of 
the sines of the multiple arcs of the other latitude in 
question. 

The analysis connected with the development of both 
the isometnc or conformal latitude ^ and of the authalic 
or equal-area latitude* is given in some degree of detail, 
since it is a good example of the application of mathemati- 
cal analysis to such questions. 

The series are derived in their general form in the first 
instance in which no geodetic constant appears except the 
eccentricity. At the end of the text in this publication 
the nimiencal values of the various coefficients are given 
computed for the Clarke spheroid of 1866. This is the 
spheroid that is used for aU geodetic purposes in North 
America. Finally, tables are given of the results of the 
computations for this spheroid calculated for every half 
dcMgree of latitude. These residts and tables will be use- 
ful in connection with all geodetic and carto^aphic ques-, 
tions in which it is desired to take into consideration the 
spheroidal shape of the earth. It is beUeved that no 
previous table has been computed for the Clarke spheroid 
of 1866; at least none for half degrees of latitude. It is 
thought that the idea of the authaUc latitude is new in the 
science of cartography. It has been applied in the com- 
putation of the elements of an Albers equal-area pro- 
jection for the United States, and it has been foimd 
materially to simplify the calculations to be performed. 

• For the ftill definition of these terms see pp. 8 and 10. 
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It is thought that m a later publication on equivalent or 
equal-area projections this latitude may be applied in the 
theory of the various types of projection belonging to this 
class. 

In addition to the latitude tables there are given tables 
for transformation from latitude and longitude to arc 
distance and azimuth from a point on the equator. After 
these is given a table of the radial distance lor a Lambert 
azimuthal equal-area projection upon a meridional plane, 
and finally a table of tne coordinates for such a projection. 

It is hoped that the analysis employed in the derivation 
of the formulas may be of interest to those who have to 
deal with the appUcations of mathematical theory to such 
problems as anse in practice. A few examples of such 
applications are of more value than any amoimt of the 
theoiy without the practical working out of the results in 
specino cases. ''Learn to do by doins" is a safe maxim at 
ail times. Finally, the niunerical form of the results 
should appeal to those who wish to use these latitudes m 

Jiuestions of geodesy or cartography. The numerical 
onns of the expansions are given both in numbers and in 
logarithms. If a multiplying machine is available the 
coefficients expressed in nmnbers are more useful, but in 
case 9uch a machine is not at hand it is necessary to resort 
to logarithms. With a five-place table of sines the results 
ou^t to be good to tenths of a second, and a six-place 
table should give results good to himdredths of a second. 
The results of computation given in the tables were derived 
from an eight-place table of natural sines. 
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DERIVATION OF DEFINITIONS. 

In considering subjects connected with geodesy and 
cartc^aphy there are five diflFerent kinds of latitude 
^at are found to be of interest and of use in practical 
applications. We shall now proceed to apply analysis 
in the derivation of the definitions of these latitudes. 

If the meridian ellipse is defined by equations in the 
parametric form 

x = a cos $ 

then $ is called the parametric latitude, a is the semi- 
major axis, and h is the semiminor axis of the meridian 
ellipse. 

The geodetic or astronomic latitude is the angle which 
the normal at a givai point of the ellipse makes with the 
axis of X. This latitude, denoted by ^, will then be defined 
analytically by the expression 

dx 

since it is perpendicular to the tangent at the point x, y. 
But from tne parametric equations we get 



Hence 



dx asiaS a . ^ 
tan ^ = T tan $, 



or 

tan ^='- tan tf>. 

a ^ 
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The eccentricity, c, of the ellipse is defined by the equation 



of 



From this expression we get 

^(l-e')H; 

therefore 

tan ^= (1 — €*)^ tan ^. 

The geocentric latitude is the angle formed with the 
axis of X by the radius vector from the center of the 
ellipse to the point x, y. Denoting this latitude by ^, 
we ddSne it by the form 

tani^=^ 

^ X 

=« - tan B 
a 

= (1-€»)H tan^; 

or, in terms of tp, by substituting the value of tan $ in 
terms of <pf this becomes 

tan^=-(l — €*) tan tp. 

In the theory of the conformal representation of the 
spheroid, tiie fimction, x, that forms with the longitude, X, 
a set of isometric coordinates is defined by the integral 



J p (1— «* cos* 2))si 



sm p* 



in which p is the geodetic colatitude.'' 




J»/2 —esiapdp < C^l^ esiapdp 
P l+<cosp 2J p l-ccosp' 



a See ''Qeneral Theory of the Lambert Conionn>l Conic Projection," Spedml PuMloattoa 
No. 63» United States Coait and Oeodetle Survey. 
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or by integration 

a:=log, sin |-loge cos |+| loge (1 +< cos p) 

-|l0ge(l-«C0S2)) 

=-log, tan^-i-H logel 1 — ^ )• 

^* 2 2 ^®\l--€ cosj)/ 

On passing to exponentials this becomes 

2 \1 — € COS p/ 

For the sphere, putting € = 0, the corresponding coordinate, 
y, is defined by the integral 

/« dz 
t 






sm -2 
in which z is the colatitude on the sphere. 



y«- 



or by integration 



or 




y^loge tan 2 



e^ = tBii 2* 



If we now define z by the equation 

z . 2> /l + € cbspV* 

tanH=tan§M3 ^) > 

2 2 \1 — € cos p/ 

we shall have determined a conformal representation of 
the spheroid upon a sphere. If we denote the isometric 

IT 

latitude by Xy and in place of z substitute its value 2~"X 

and for p its value q—*'? we get the definition of the iso- 
metric latitude in the form 
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This latitude x ^a^ been called the isometric latitude 
because it is detennined by means of the isometric 
coordinate. 

Besides these latitudes there is another latitude that 
arises when the spheroid is projected upon a sphere of 
equivalent surface in such a way that the representatioa 
is equivalent or equal area in every part. The element 
of area upon the spheroid is given by tne equation 

,^ 0^(1-^)008^, ,. 
do =7:; 5 — ' — 5 — r« dip dh. 

(1 — 6^ sm^ (py ^ 

The area of a section of a lune of width d\ from the Equator 
to the parallel of latitude <t> is given by the following 
integral multiplied by dK 



^ f<p a^(t-6^) cos v? ^ 
^ = Jo (1-6^ sin V)^^^- 



But 

a2(i-€2) = 62. 

hence 



+ 



e 7»2 f** cos ip dip _ 62 Ci* cos y? dip 
^^^J, (l-€2sinV)'"4jo (l-€sinv^)» 

6» r<p cos ip dip l^ r^ cos <p dip b^ r^ — COS ip dip 

4: J (l-i-esinipy 4J0 H-€sin^ 4jol--€sin^* 

By integration this becomes 

^=:r ^ -' T-i '- hloge (li-€sin^) 

4€Ll — €smv? l+€sm^ &« v ■ y^/ 

-loge(l-6sin^) L 
j^ ,. r sin^ ,1, /l+€sin^\l 

If c is the radius of the sphere with area equivalent to 
that of the spheroid, the area of a section of a lune of 
width d\ is equal to the value of the following integral 
multiplied by oX: 

5' = 4;cos/3d0, 
in which fi is the latitude on the sphere. 



or 
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By int^ration this gives 

U the d\ is taken the same in this case as in that of the 
spheroid, S' will equal S ii pis defined by the equation 

^ • o x« r sin ^ , 1 , /I +« sin ^\"1 

^ L2 (1 — e^ sm' ip) 4€ ^* VI — « sii^ ^/ J 

If the right-hand member is developed in a series, it will 
be equal to the sum of the series of its two parts. 
But we have 

2(l~6^sinV) °2^^^^"^2^^^^^"^2^^^^^"^2^^^^^+'" 
and 

J^ [loge (1 + € sin <p) - loged - € siu ip)] 

= 2 sin ^+g «' sinV+TQ** sin* ^+yj€* sin^ <p-\ 

Therefore 

1 + -o-sin' ^+ -g-sin* <p+if sin* ^H j 

We can determine the ratio of 6^ to c^ by setting both p 
and <p equal to h' thus introducing the condition that the 

latitudes shall be equal for this value. This gives us the 
vdue 

Jf 1 

l+y+5-+-7-+.-- 
We have, then, as the definition of p the equation 




H--«-sin' ^H— ^sm* v?+-=-sin' <p-\ 



^^ = ^^^1 . . 2^ . 3.V 4.* 




l+-o- + -r- + -ir + 



The latitude defined in this manner has been called the 
authalic latitude to conform to Tissot's term for equiva- 
lent or equal-area projections used in his *'M6moire sur 
la Representations des Surfaces.'' 
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In all projects of equivalent or equal-area mappin^i if 
this latitude is used, the spheroid can be considerea as 
the sphere of equivalent area. That is, the spheroid is 
first projected equivalently upon a sphere of equal sur- 
face ana then this sphere is mapped upon ihe plane. 
The principle is similar to that employed in conformal map- 
ping when the isometric latitude is employed. Tlus 
simplifies the computations for Albers' e(](ual-area projec- 
tion or for the Lambert equal-area projections of any 
type. In all questions of spheroidal areas bounded by 
meridians and parallels^ the computations can be ma^ 
with any desired degree of exactness upon the authaUc 
sphere. 

RECAPITULATION OF DEFINITIONS. 

As we have just shown in considering subjects connected 
with geodesy and cartography, there are five different 
kinds of latitude that have to be dealt with. A list of 
the symbols and definitions is given as foUows: 

1. ^ = geodetic or astronomic latitude. 

2. i^ = geocentric latitude. 

3. ^ = reduced or parametric latitude. 

4. x= isometric latitude. 

5. P = authalic latitude. 

The last four are defined in terms of the first as follows: 
tan ^= (1 — €') tan <p, 
tan 6= (1—6^)^ tan <p, 

./2 



•-(i+^-'-CMXi^rir:)'' 



I 




in* <p+-!j- sin* <p+ • • • \ 

:+f + . . . / 



1 4--^ sm^ ^"^"s" ®"^ 

«^^=«^^ *{ TIEIE^- 

^"^ 3 ■*■ 5"^ " 

In the application of these latitudes it is generally 
desirable to nave given the difference between <p and the 
various other latitudes. It is most convenient to have 
th^ difference expressed in terms of the sin^ of the 
multiple arcs. The problem is then to determine these 
series in the most satisfactory manner. In most cases 
this can be accomplished by the use of the principles of 
the functions of a complex variable. We will now pro- 
ceed to apply this process wherever possible. 
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DEVELOPMENT OF ^-^ IN TERMS OF ^ 

We have 



f , V tan <p — tan tl/ 
tan (^— ^) — 



but 
hence 



1 + tan <p tan ^ 
tan ^= (1 --^) tan <p 
X / I \ €^ tan ^ 

^ sin 2 ^ 



Let 



then 



2-r» + €' cos 2 <p. 



m 



e 



2-C2' 



• X ./ m sin 2 ^ \ 

^— ^— tan-"M T-; ~- )• 

^ ^ \l+mcos2^/ 

Now, 
log. (l+me»'i^)=me»*^-^e**^+y 6"<*»- • . .; 
but 

log, (1 +m e'**' ) = 2 l^ge (1 +2 m cos 2 ^+m') 



and 



+i tan-M r-; ^ If 

\l+m cos 2^/ 



m' .. . m* 



m 6 **^ — 9" ^'*' "'"T ^"^ — • • • — m cos 2 ^H-i m sin 2 ^ 

— 2" ^s ^ ^"~* "o" ®^^ ^+"0" cos 6 <p+% -o- sin 6 <p • 

Therefore, equating the imaginary parts, we obtain 

. - / m sin 2^ \ . „ m* . . 

tan-^ ( r~t o )=m sin 2^— -jt- sin 4^ 

\H-msin2^/ ^2 ^ 

+-o" sill 6^ ; 

or, finally, 

^— f=msin2^ — ^ Qin4t<p+-^sino<p'~ • • •, 



14 U. S. COAST AND GEODETIC SURVEY. 

DEVELOPMENT OF ^-^ m TERMS OF ^. 

If we wish this same quantity expressed in a series of 
the sines of the multiple arcs of ^, we proceed as follows : 

tan ^=^3-3 tan ^, 
tan (^— ^)— ^ 



l-r» + tan2^ 

_ e^ sin ^ cos ^ 
"" 1 — e^ cos^ ^ 

6^ sin 2^ 
'"2-€2-r» cos 2^ 

_ m sin 2^ 
""1— m cos 2^ 
Now 



m^ ,,, m' 



but 

loge (1 -m 6-**^ ) = 2 ^oge (1 -2m cos 2^+m') 

. • X -.1/ ^ sin 2^ \ 

+^ tan M :; —7 )$ 

\1— mcos2^/ 

and 

-me-**^— 2" «"^'^ — 3- «""'^ = -mcos2^+imsin2^ 

— -H" cos 4^+^-2- sm 4^ — 5- cos 6^H-t -o- sm 6^— • • •. 

By equating the imaginary parts, we obtain 

y m sin 2^ \ • r» # . ^^ • .• # . ^' • /» • . 

^'^^ V l -mco8 2^ ;°"^^"^^^-^T "^ *^+T ^'"^ ^*+--'' 

or 

^— ^=m sin 2^+-2- sin 4^+-«- sin 6^4- • • •. 



This result could have been obtained directly from the 
previous development by chan^n^ the sign of m ^nd by 
m^erchangmg ^ and f , 
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DSVELOPMBNT OF ^-9 IN TERMS OF ip. 

By substituting the definition of B in the formula for 
tan {ip — B) we get 



^^ ' 1 + (1 — e')^ tan^ ^ 



[l-(l--c*)^]sin2^ 



l + (l_^)H + [i-(i-^)H] cos 2^ 

Now let 

1~(1-^)H 

then 

n sin 2^ 



tan (^— ^) 



l+n cos 2^ 



Since this expression is similar in form to that which 
gave tan (^— ^) in terms of ^, except that we have n in 
place of m, by a similar procedure we get 



n^ . , . n' 



^— ^ = n sin 2ip — ^ sin 4^+-o-sin6^ — 



• • • • 



DSVELOPMBNT OF ip-B IN TERMS OF B. 

When tan (^— ^) is expressed in terms of B, we get 

n sin 2B 



tan (^— ^) = 



1 — n cos 2B 



From the previous development we see that this gives 
ip—B in terms of ^ in the form 



n' . ,^ . n' 



(p—B^n sin 2^+-2 sin 4^+-3 sin 6^ + 



• • • • 



DEVELOPMENT OF 9-^ IN TERMS OF B AND IN TERMS OF ^. 

From the original relations we get 

tanf=(l-^)^ taQ?, 
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This relation is the same as that which exists between B 
and if] so we get at once 



n' . ,^ . n' 



^_^ = rt sin 2^- 2" ®^ ^^"^"3 ®^^ ^^"" 



and 



n* . , . . n' 



B — ^=^n sin 24^+-^ sin 4^4--«- sin 6^ + 



DEVELOPMENT OF ^-x IN TERMS OF ^>— FIRST METHOI>. 

When we come to the isometric latitude, we moet 
diflGlculties of a diflFerent order. In the first place let p 
be the complement of <p and let z be the complement of x* 
The definition then becomes 



tan|=^tangY ;+^^^"P y» 
*'"'"2 2 \l-€ cos pj 



Let 



then 



^/ l+ccosy V/a, 
\1 — c cos 2>/ * 



2 o 

tan 2=^" *^"^ 2 



tan 



, . (e«'-l) tan^ 
^ ^ ^ l+e*' tan^ | 

(e'^ — 1) siny 



Let 



ey+l — ie^ — l) cosp 



i 



6«'+l' 



then 



\ 2 / 1— 2 cosy 
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By analysis similar to that used before, we get 
^«2sin2>+^8in22>+^sin3p-f ••••; 



2 — 
V-|loge (l+€COS2>)-|loge (l-€COSp) 



^ ^ ^ 

-■€* COS 2>+o COS* 2> + "r^ COS* 2> + ^ cos^ 2>+ • • • • 

and 

e^—l . 1, V V t;* v* nv' . 
^^^n"**^ 2"2"24^240"'40320'^"** 

Including terms in the eighth power of t, we get 

g - - cos p+(^~) COS» 2> + (yq-^j) cos* 2>+ j;j ^^ 

Hence 

4-=cos^ p jsin2>+ 1^^^' P"+"(a""24/ ^^^* ?^ 
rr^ cos' p I sm 2p+«( j COS* p+j COS* p\ sm 32> 

+ 00 cos* p sin 4p + 

When this expression is reduced to terms in the sines 
of multiple arcs (see reduction table on p. 88), we get 



+ 



^-^'=(,2+24+32+5760+ j'^^^+U+SO 

7«^4P + V480+T3440+ >^ ^^ 

. / 1237€* . \ • Q _L 

+Vl6l280+ ••••>^82>+ 



69W 
11520+ 



• • • • 



* • • • 



or in terms of <p and x to the desired approximation 

*-X-V2+24+32+5760.' ^'^ 2^" V48+ 80+Tl520>'° ^^ 
. /13^ . 461^ \ . . 1237e« . „ 
+(,480+ ISiior"" ®^-l6l280 ^"^ ^- 



17118»— 21- 
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DEVELOPMENT OF y>-x IN TERMS OF «v~SBC01fD MBTHOl). 

The isometric latitude can be developed in terms of ^ 
bv another method that is very simple in applicatioiL 
Irom the definition 

2 *"*" 2 \1 - € cos pj 
we obtain at once 

logo tan 2"=log© tan f "^"^ ^^ P+l ^^^' P'*"S ^^^^ ^ 



€ 



+ •= cos^ p4- 



• • • 



By Taylor's theorem we have 

in which the brackets denote the values of the derivatiT-es 
of fl^+h J with respect to h for A. = 0. 



Let 



Then 



/(f+/^)=logetan(|+^) 



/(f)-log. 



tan t 



sec' 



df -'^'(2+^) 1 2 

^"tan(f+A)'sin(f +;^)co8(f +a)"^ ^+2*> 

LS^ij^sii 
(Pi 



smp 

— 4 cosec (j)+2A) cot (p+2h) 





. 4 COB p 

- -4 cosec j) cot j)- - gj^a^ 

-8 cosec (p+2h) cot» (p+2A) + 8 cosec" (p^2h) 
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o ^2.0^ 8 cos' p . 8 
8 cosec © cot2p + 8 cosec^ p«= ^. g J^ + ^' 8 ^ 
^ ^ ^ sin' 2> sin' p 



^--16 cosec (P+2A) cot» (p+2A) 

-80 cosec* (P + 2A) cot (p+2A) 

1-^ «■— 16 cosecp cot*2>— 80 cosec* 2> cotj) • 

16 cos* j? 80 cos p 
"" sin* p sin* p 

Substituting these values in Taylor's series, we get 
log, tan (f +^)-log, tan l+^-l^h^ 

/ 4 cos* p 4 \ la / 2 COS* p 10 COS p\ , ^ 

"^VS sin* p'^3 sin*p/ ^ V3 sin* p"*" 3 sm* p/ ^ "^ * 
Now let us assume the relation 

|=|+a€* + 6€* + C€* + d^+ 
ihen 



• • 



• • • • 



Substituting this value of A and retaining all powers oi 
up to and incmding the eighth, we obtain 

loge tan^l+^Vloge tan |=loge tan f +im^(^ 

+ 6€*4-C^ + d^)-|^^ (a€* + i€* + C€* + (i6*)* 

/ 4cos*y 4 \ (^ + 6,44.^^+^^)8 
\3 sin* p 3 sin* p; 

(2 cos* jP , 10 cos i)\ , , , , . , . , , .V . , 

-( 0^4 + o A ) (a€* + 6€*+C€* +«€*)* 4- • • • • 
\3 sin* 2> 3 sin* pj • / • 

or 

log. tan 2""1%« ^^^^ f'^smlS (««' + ^+^€'+<^) 

+3-^)<»''+'«""-(l^ 
, 10 COS i>\ ... 
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But in the original series for loge tan k we have 



— _1/Acv f.an £-0.^ nna ii-i — 



C« . €» 



loge tan 2"loge tan ^+6* cos p+^ cos^ p+^co8*p+yco8^2>+ 

These two series must be identically equal and so we can 
equate the coefficients of the same powers of €. In this 
way we get 

2a 

= cos p, 



smp 

2h 2(1? cos f? cos' p 
sin p sin^ 2> ~ 3 ' 

2 c 4a& cos p 4a' cos^ p 4(z' cos^ p 
sin p sin^ p 3 sin' p 3 sin' p" 5 ' 

2d 2(6^+2ac) cos p 4a^& cos' p ^ofh 2a* coe^ j? 
sin p sin' p sin' p sin' p 3 sin* p~ 

IQq* cos p cos^ p 
3sin*p ~ 7 

From these equations, we can in succession determine the 
values of <z, 6, c, and d. 

(For the reductions see the reduction table p. 88.) 

1 . 1 . ^ 

a = 2 sm p cos p =2 ®^ ^V^ 

5 . 5 . 5 

6 = 12^ sin p cos' P = 7g sin 2p + ggsin4p, 



p^sinp cos'p — r^ sinp cos' p = ^si] 



+^sin4p+^sm6p, 

, 1237 . 73. - 281 . ^ 

^'"2520®^^^^^"*T6®^^^^^"Tl520®^^^ 

. 697 . . .461 . ^ , 1237 . ^ 
■+-23040 ^ *?^ + 26880 ^^ *2>+322660 ^^ *2>. 
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Substituting these values of a, 6, c, and d and rearrange- 
ixigy we get to the desired approximation 



2^ + V2 + 24+32 + 5760; "^ ^^ + (,48+80 
697€» \ . . . /13€« . 46l€^ \ . ^ . 1237€^ . ^ 
ri526; "^^ ^P + V480+T3i40; ^^^ ^P + l6l280 ^^ ^P" 



Substitute 






and we get, as before, the approximation 

/^ , 56* 3^^ 28l€«\ . ^ /5€* ?€« , 697€^\ . . 
^-^^V2 + 24 + 32"^5760>^2^~Vi8+80 + ri520>'^ 
. /136« . 46l€^ \ . ^ 1237€« . ^ 
"^(,480 "^13440; ^^ ^^-161280 ^'^ ^^• 

DEVELOPMENT OF ^-x IN TERMS OF ^^^— THIRD METHOD. 

The difference between ^ and x can be develoj)ed directly 
by Maclaurin's theorem. Let us take the definition in the 
form 

loge tan 2 ^loge tan h + ^^ cos p + « cos^ 2^ + c cos* p 

4-1= cos^2^+ 

In this expression, setting e^ — h, we get 

loge tan 2 =loge tan o + ^ ^^^ P"^ o" ^^ P+ k" ^^ P 

4-y cos^j'H 

Differentiating this expression, considering 2 as a function 
of % or €*, we get in succession 

dz . 2A 3 , 3A2 , , 4A» , 

008800 ^==c^y + ir ^^s' 2> + -K- cos* p-^-f- cos^p, 

d'2 ^ /dz\ 2 . . 6A 5 

cosec2 ^Ta^^^s^^^^^^ljl ) ==Q ^^s P + "k" cos* J) 

+ -y- COS^J), 
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cosec z 318""^ cosec z cot 2 ^ w^ + cosec z cot^ ^ ( ;7^ / 

3 /dz\ 6 5 . 24A , 
+cosec'2 (^ ) =K cos^ P + "y" cos^p, 

d^z ^ ^ dz d^z ^ ^ /d^z\' 

cosec2 ;7T4~4 cosec z cot z w jTs~3 cosec cot z f -^^ j 

+ 6cosec^cot^0(^^j ^, + 6cosec3^(^^j ^^ 

— co8ec s cot' 2 (^t) —5 cosec* s cot z (-st ) 

24 , 
= -=- cos' p. 

Denoting by brackets the values of these successive deriv- 
atives for A = 0, remembering that fimctions of z become 
functions of p for h = 0, we get. (For the necessary reduc- 
tions see the reduction table, p. 88.) 

rdzl . 1 . „ 

jr l=sin p COS p = 2 s™ 22>, 

-jp 1= — sm p cos' p+-r sm p cos» p 
= jg sm 2p+^ sm 4p4-gQ sm 6p, 

r«!*2l n • s j^2474 . , 

I 3^J= - 9 sm 2> cos" P+305" ^^^ ^ ^°^ ^ 

'281 . - ^697 . . ^461 . _ ^1237 . . 
=240 ^'"^ 22> + |8o sm 4^+5^^ sm ep+^^ sm 8p. 

By Maclaurin's series we have 



= t^^ + DLSJi J + 2lL3;^J + 3!L5P J + 4lL3^J 



-l- • • » • , 



in which h is replaced by its value ^. 
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By substituting the above values in this series and 
rearranging we get, as before, the approximation 

,Yl3««^46lA . - . 1 237t« . o 
+W + 13440/""' 6^+161280 ^'"^ ^P' 

or in ^ and x "^^ get, as before, the approximation 

. /136« 461^\ . ^ 12376^ . ^ 

BBVELOPMBNT OF ^~x IN TERMS OF «>— FOURTH METHOD. 

The isometric latitude could be developed by direct 
differentiation of the equation in the form 



Z . V /1 + €C0S1)V 

tan 7r=»tan ^ • I ^i — ) \ 

2 2 \1 — € cos 2>/ 



or in the form 



. = 2tan-rtanfYl±1^55^Y'n. 

In fact, Herz in his '^Lehrbuch der Landkartenprojek- 
tionen'^ does differentiate the form 

5+-^ "■'- [- (M) • (i^tSI)""]- 

He obtains the development to include the term in c*. 
The difficulty lies in the fact that it is necessary to differ- 
entiate with respect to c, although it is evident that x> 
considered as a lunction of €, is an even function. If one 
wishes to proceed in this manner, it is better to write the 
expression in the form 

2=2 tan""* tan ^ • exp*( c' cos p + o cos' ?+"? cos* P 

+y cos^ j)+ * ' / r 



♦exp I— e« 
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or it is still better to develop the expotentiai to indvde 
all powers of e to the eighth inclusive. 

0=2tan-> [tanf • [1 + .3 cosp + c* (22fJP+£^) 
. - /cos* p , COS* V , COS* p\ . a /cos* 1) . cos* J> 



23 cos* p cos 
"^ 90 "^ 



^)i. 



In this form the substitution A = e* can be made and the 
development attained by four differentiations instead of 
eight. Thus by careful consideration the formal work 
recjuired can often be considera.bly reduced in amount. 
Using the expression as Herz did, it requires almost as 
much work to carry the development to €* as it does in 
any of the above forms to carry it to include the term in «*. 
It is also more convenient to differentiate the expression 

not as an arc tangent, but in the form tan ^. As an 

illustration we shall make the development by differen- 
tiating successively the expression 

tan|=tanf[l + ?ico9p + A^(^+52|^)+^»(^ 

, COS* p . cos^ p\ . 7. /cos* p , COS* p . 23 cos* p 
+ 3 + 5 ; + 'l-24 +-6 + 90 

1 .z dz . pT . „t / cos' p , cos* y \ 

, COS* p , 23 cos* p . cos^ pW 
+ -6 + 90 "*"~7 ;J' 

I ««*^ I ^4 '^ I **'' l(Sy = **^ 2 [''*'«' ?'+^^ 

. cos* p , 23 cos* y , cos* y \"| 
"•" 6 "•" 90 ^ 1 )}' 



4- 
6 cos* 



+ 



5 
cos' 
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J sec* oX^) °° ^^'^ 2 1 ^^^ P + 2 cos* f 

p ,/cosVp cosVp 23_cos^ 
+^4A^ 24 + 6 "^ 90 

1 ,0d*2,3 2 2J.^0/(p2Y ,^ 2^ . z dz d^z 
2«^^2 3F+2^^^ 2*^^2(5^; +2sec^2tan^5^3^ 

_i./o 2 2 * 2 ^ ^3 , zYdz\d'z 
+(3 sec' 2 *^^' 2-^2 «"^ 2Adh) dh^ 

+Q sec' J tan^ |+sec* | tan |)(g|y 

. 1)/ . . 6 , 92 COS* 2> . 24 cos^ p\ 
= tan^( cos* p + 4cos*pH .^ ^ H = — ^ 1. 

Evaluating these derivatives for A = 0, remembering that 
functions of z become functions of p for A = 0, we obtain 
(for the necessary reductions see the reduction table, p. 88) : 

2pJ=^ sm p cos»2>-Y2 ^^^ ^P"*"24 ^^^ ^^' 

Tp = — sm p cos' pH — ^ sm p cos* p 

9 • o . 21 . . . 13 . ^ 
= j^ sm 2^)+^ sm 4p + g^ sm 6p, 

iWj -9 sm p cos* P+Tos" ^^ P ^^® ^ 

281 . ^ ^697 . . ^461 . ^ . 1237 . ^ 
-240 ^'^ 2^ + 480 ^'^ ^^"^560 ^'^ ^2> + 6720 ^"'^P' 
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Substituting these Talues in Maclaurin's series (see p. 22\ 
we get, as before, the approximation: 

^=P+V2+24 + 32 + 5766>*^2p+(^4g+g0+jj52O>"^^P 

/13«« 461V\ . ^ , 1237^ . _ 
+(,480 + 13iiO>'^^P+l6l280"*^ «^' 

or, in terms of ^ and x> the approximation, 

/^^56* 36« 28l€«\ . ^ /56*^7€* 697€»\ . ^ 



+ 



/13€« 46l€«\ . ^ 1237€« . ^ 
V480 + l3440; ^'"^ ^^^161280^''^ ^^• 



DEVELOPMENT OF ^-x IN TERMS OF «>— FIFTH MBTHOI>. 

This difference can be expressed first in terms of ip directly 
from the equation of defimtion by the third, fourth, fifth, 
or sixth method riven later under those developments 
(see pp. 38-55), and then the development can be inverted 
into terms of ^ by Lagrange^s theorem. We start with the 
approximation: 

/€2 56* €« 13€«\ . ^ /7€^ .29^. 811c« \ . ^ 

^^^-V2 + 24+l2 + 360>^2>^~Vi8 + 240+Tl520>^ 

/7e« . 8l6«\ . ^ 4279€« . ^ 
-VT20 + n20; "''' ^^"161280 "'^ ^^- 

In this case Lagrange's series becomes: 

+i!$[?(^)]'+--. 

in which 

i^W— (^2 + 24 + 12+360>'''^*'"(.48 + 240+Tl620/^^«' 
-Vl20+n20J ^"^ «^-l6l280 ^^° ^*'- 



LATITUDE DEVELOPMENTS. 27 

In the powers 6f this f xmction we must retain all powers 
3f € to the eighth, inclusive. 

+ 2330 ) s"^ 2^ sm 4^ + j^q^"^ 2^ sm 6^ 
3+32)911^' 2^-gjsin2 2^ sin 4^? 

[?(^)?=jgsm*2^. 

Differentiating and reducing by the table on p. 88, we get 

d r r M2 /^_i_5«\ 73c«\ . ^ * ^49c« . . 
^ [9 (^)P = l «^ + "6" + 144 y®^^ ^ ^^ ^"*"288 ®^^ ^ ^^ ^ 

^"V24"^I440J^^^2^^'^^^ 

^/7€« 523c«\ . ^ . ^7€« 

Hl2"^T2Crj''^2^^^^^^^60 

+prK sin 2tt> cos 6^? 



7c8 

HT^ sin 2^ cos 6<p 



7^8 

^ cos 2^ sin 6(p 

8\ 

r j sin 4^ 



' 20 "^ ^ 

~V48^2886>^^2^+V2 +12 + 1440 j^^ 

+Vl6 + "960r j «^^ ^^+2880 ^^ ^^' 
^[9r(v^)r= -(36« + ^)sin 2^cos2 2^+ (¥+^) ^"^^ ^^ 

7^8 
— -j-sin8^> 

^ [? (^)? = - 2€8 sin 4^ + 4c« sin 8^- 



28 V. 8. COAST AND GEODETIC SURVEY. 

Substituting these Values in Lagrange's series, we get 
the approximation 

'' = *'-(,2+24 + 12 + 360>"'2,»-(^jg + 24o+n526>"^^*' 
/?«• , 81«»\ . „ 4279«» . o 
-ym^Tm) ^'^ ^^-161280^"' ^*' 

-(,96 + 5760 j ^"^ 2^+V4 + 24 + 2880; ^'" ^^+(,32 

+ I920; ^^^ ^^+5760 ^"^ ^^+Vl6 + 64 ; ^"^ ^^ 
+ jg sin 4,, - (^^ + -g^- j sin 6v, - 24 sm 8*> 

— j2 sm4^+g sin8^- 

By collecting and rearranging we get, as before, the 
approximation 

/c2 . 5c* , 3c« , 281c8\ . ^ /6c* , 7c* , 697c8\ . ^ 
^-^'V2^24-*-32 + 5760>"'2^~V48"^80^n520>^ 
^/13c« 461c«\ . ^ 12376* . ^ 
+V480 + I3440;^'^ ^^~16l280 ^"^ ^^• 

DEVELOPMENT OF ^-x IN TERMS OF «>— SIXTH METHOD. 

^— X can be developed in terms of <p by Arbogast's 
rule. If the symbol / denotes an arbitrary analytic 
f imction, we can expand 

(X x^ 1^ X* \ 

in terms of x at once by Taylor's theorem in the form 

(X X^ X^ X* \ 

^o+«ill + «3 2i + ^8 3]+«4 4]+ y=/ («o) 

1 / X X* X* X* \' 

+2"/' (Oo)(^<»iil+'»«2l+**»3l+°*4i+ ■ ■ ■ ■ / 

1 / X X* X* X* V 
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The exponents of / denote the values of the various suc- 
cessive derivatives of/ (a^-hg) with respect to a for g=^0, 
ot, what amounts to the same thing, the values oi the 
various successive derivatives of / {a^ with respect to a^. 
By expanding the various powers of the polynomial in x 
in the above expression and by rearranging in powers of x, 

• X • 

•we may determine the coefficients of the various -^ in the 

expansion in a series of terms of x. A more expeditious 
•wav of determining these coefficients is devised in the 
following manner: 

Let us define a partial differential operator in the form 



d d d d 



• • • • 



then 



(X X X^ X^ \ ^ X 

x^ x' X* \ X X x^ 

X* X* \ ^ ^/ XX* 

+as3]+a4 4I+- • • • )-TxJV''^'^'V^''^2l 

X* X* \ 

Therefore, if An denotes the nth coefficient in the expansion 
of the given function, we have 

AA^+AA, ^+A^, J+^» M"*"^* ^+ 



• • • 



X H^ X^ 3*^ 

=^1+^3 TT"*""^' 21"^^* s!"*"^* il"*" 



Equating the coefficients of the like powers of x in this 
identity, we obtain the recurrence formula 

Now in the Taylor development we see that 
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By applying the recurrence formula in succession, we 
may write down the coefficients. 

A2^a^f{aQ) '\'a2f{ao)y 

etc. 

We shall now apply these principles in the development 
of the fimction 

2 = 2 tan~* exp* ( log© tan?+T-|Oos pH-^-f « cos' p 



i 



gjg COS»p+^-y-COS^p+ • • • • j = A + A Y\ ■*'^»2l 






3! ^"**4! 

in which Jl = €2. 
In this case 



ao=»loge tan fei 



or 



dp 



/(ao) =2 tan-^ «**—2>, 



/"(Oo) =cos p ^ —sin 2> cos p— « ®"^ ^p, 

/•(do) —COS 2p ^ —sin p cos 22>— « ^^ ^P^2 ^ P' 

/*W -(2 ^^ ^2>"-2 ^^^ V 3a ""(2 ^^3p-2 cos p^sm J) 

3 
—J sin 42>— sin 2p. 

♦ 6Zp X— ^ 
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In the function to be expanded, we axe given 

ao«=loge tan |^ 
Oi = cos 2>, 

a,«-^ cos* p, 

24 , 
(i4=*-=" cos' 2>. 

With these valueis we may compute the various An and 
reduce them by aid of the reduction table on page 88. 

^i=sin p cos p = 2 ®^ 2p, 

uAj^H cos* p sin 2^ + cos' p sin p^o sin p cos' p 
= j2S"^2p+24sin4p, 

-48=cos' 2>( 2 sin Sp — 2 ^^ p ) + cos* p sin 2p+^ cos* p sinp 
= — sin2>cos*p4--«-sinpcos*p 
» jg sin 2p+ jj5 sm 4p+gQ sin 6p, 

^.■«cos* p (-7 sin 4i)— sin 2i> )+4 cos' p sin i> cos 2p 

+y coB> sm p- -9 sm p co8» P+-J05- sm p COS' p 

281 . - ^697 . . , 461 . „ ^1237 . _ 
-240 ^ 2p+ jg^ sm 4p+ggQ sm 6p+g^ sm 8p. 
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Substituting these values in the expansion andreineinber- 
ing that h=y, we get, after rearrangement as the desked 
approximation, 

, /13t' . 461«» \ . - , 1237«» . _ 
+Vi80 + i3iio; ^'^ ^P + 161280 ^"^ ^P' 

or, in terms of <p and x, we get, as before, the approxima- 
tion: 

/€» , 5c* , 3€« . 281c8\ . ^ /5c* , 7c« , 6976»\ . ^ 
^--^ = V2"^24+32-^5760>'^2^~W'^80"^n520>^^^ 



/13€« 46l€8\ . ^ 
+ V480-^13446r^^^^ 



1237C8 . ^ 
sin 8^. 



161280 

DEVELOPMENT OF <p-x IN TERMS OF x— FIRST METHOD. 

The quantity <p — x can be expressed in terms of x by the 
application of Lagrange's series. We have given 

Since /(^) is a small quantity, Lagrange's series becomes 

But in the series for y— x given above, we see that 

/(^) = (2+2i + 32 + 5760;«"'2*.-(^jg+g0+jj520>"»4„ 

^/13*«^461«»\ . « 1237«» . _ 
+1,480+13440; ^"^ ®^-16l280 ^ ^^- 

Squaring this expression and reducing by aid of the table 
on p. 88, we get 

rj-f Mj «*^5:' 341^ /5*«^377«»\ „ /«* 
[/(*')P-8+48+4608-U+5760J ^2^-U 

,317«^\ . ,/5^,377«»\ - 437«» - 
+6760/*^ ^^+V96 + 5760; "^ ®^-23040 *^ ^' 



^48 
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and, by cubing and reducing, we get 

•^^^^1^=(,32 + 128 j ^^^ 2v.- j28 sm 4^-(^g^+ J28; sin 6^ 

+256 ^'"^ ^*'' 
and for the fourth power, by a similar process, we obtain 

^[/(x)?-(^48+288o; ^"^ 2x+(2+l2+n40;™ ^'^ 

/5€«^377«»\ . . ^437«» . _ 
"Vl6+ 960"; ^'° ^^^+2880 ^''^ ^'^' 

^ l/(x)]'= -(^-g + 32 ; "^ 2X+-8- sin 4x 

^/9«» , 46«»\ . „ 5«« . _ 
\T+ 32 / ^" ^''"T ®"^ ''' 

^ l/(x)]*= -2€» sm 4x+46« sin 8x. 

Substituting these values in Lagrange's series, we get the 
approximation 

/€» . 6«« , 3«« , 281«»\ . „ /5«« , 7«« , 697««\ . . 
*'-''-V2+24+32+5760>'°2x-(^48+80 + 11520>"'*'' 

, /13€« , 461*»\ . - 1237€» . „ 
+1,480 + 13440;^''' ^'^-161280^"' ^'^ 

+V96+5760>"' 2x+(4+24+2880;^"' ^'^ 

/6^.377«»\ . „ , 4376» . . /«• , 5€»\ . _ 
-V32+i920J ««'«>'+5760 ^^'^'^-U+eij "'"^x 

^ ■ A . /3«« , 15««\ . - 5*» . o 
+48 ^"^ ^^^+(,16+6?; ^"^ ®^"24 ^"^ ^'^ 



e» . . «» 



-j2Mn4x+g sinSx. 
17118*— 81 8 
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When similax terms axe collected, this approximation 
becomes 

^/7€« , 81c»\ . ^ . 4279€« . ^ 
■^Vl20"^-ll20; ^"^ ^^+161280 ^'^ ^^• 

DEVELOPMENT OF ^-x IN TERMS OF x-^ECOND METHOD 

The series for ^— x ii^ terms of ^ can be expressed in 
terms of the second argument by the method of successive 
approximations. In the series for ^— x, let 

Then a will be equal to a small quantity since we have 
(see above) 

/c2 . 5c* ^3€« 28l€«\ . ^ /5c* 7c« 697c«\ . ^ 
^ = V2+24^32 + 5766r'^2^-V48^80+n520r"'^^ 
, /13c« 461c«\ . ^ 1237c« . ^ 
+V480 -^13440; ^'^ ^^~I6I280 ^'^ ^^- 

In the series ior ^ — x, ^ must first be replaced by x+a, 
and this developed far enough to include terms in c*. The 
value of a is then substituted, and this introduces terms 
in (p again. These terms are then developed in x and a, 
and the process repeated imtil all terms m ^ have been 
included. To shorten the work assume 

^==X+^ sin 2ip—B sin 4^+ (7 sin Qip—D sin 8^. 

Then the lowest power of c in J. is c'; in B is c*; in (7 is c'; 
and in Z? is c*. 

(For the necessary reductions see the reduction table, 
p. 88.) 

Substitute for <p in the above series x+o^ and we have 

ip^x+A sm (2x+2a)-5 sin (4x+4a) + C' sin (6x+6a) 

-J9sin (8x+8a), 

or 

fp^x+^ sin 2x cos 2a+A cos 2x sin 2a — B sin 4x^cos 4a 
—B cos 4x sin 4a-\-C sin 6x cos 6a+0 cos 6x sin 6a 
— Z? sin 8x cos 8a— D cos 8x sin 8a. 
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Developing the functions in a far enough to include all 
terms in ?, we get 

—B ( 1 — 2~)s"^ 4x— S 4a cos 4x+Csin 6x 
+ C6a cos ^x—B sin 8x. 

These coefficients must now be evaluated and second 
and third approximations applied wherever necessary to 
get the required exactness. 

\+^) sin2 2^+11 sm 2^ sm 4^] 

+2j sin2xsin4x] 

In this expression, since the lowest power of € in 4 is €^, 
we do not have to carry the development farther than to 
include terms in €*. 

But 

cos 4v? = cos (4x-f 4a) =cos 4x cos 4a — sin 4x sin 4a. 

No term beyond e' is needed in this approximation. 
Hence for the exactness required 

cos 4^ = cos 4x— 26^ sin 2x sin 4x. 

Therefore 

A (1 -2a') =A tl -(i+|i)+(J+|i) cos 4x 
- 2 sin 2x sin ^X+2i ^'"^ ^x sin 4;^- 

On multiplying the two factors and reducing to a series 
of cosines of the multiple arcs, we get 

4 (l-2o')-^+24-32-576o-96 ««2x 
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By a similar procedure, we get 

+ ^'sin6^-i(0sin3 2^], 
or 

^ (20-^)=^ [(*'+f^+Il) ^«*" 2x COS 2a 

24 + 4q) (sin 4x cos 4a 

13c* €* n 

+CO8 4x sin 4a) + 2^ sin 6x-g sin* 2xj> 

+ 2o («'+i|) COS 2x-(^2i'*"i^) ^^^ ^^ 
-4o ( 24 ) <^ ^^"^240 ''"e M' 

^ (2«-T^)=^ [(*'+l4+Il)«i^ 2x-^ 8in» 2x 
+( «*+-s- j sin 2^ cos 2x— sT ^ii^ ^X cos 2x 

-(,24 + 40;^"' ^''"12 ^'^ ^'^ *^ ^^ 
+ 24oSm6x-g 8m»2xJ- 

Finally, on developing sin 2<p in the above expression, we get 

+ (€* + -^ )sin2xcos2x + €'sin2xcos*2x 

-24 sm 4xcos 2x-( 24"^40/®^^~"l2 ®^ 2x cos 4x 



' 



13«« . - «• 

240 ""'^^-e 



+ --;sin6x-'.sin.2x} 
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^(2«- -3- j-(2 + 12 +288 j ""^ 2x-4 sm» 2x 
2 + -g- ) sin 2x cos 2x4-2 sin 2x cos^ 2x 

"48 "^ ^^ ^^ ^^-(,48 ■*"2880; "^ ^^ 



5€« . ^ , . 13 



8 «8 



sin 2x cos 4x+ -r^ sin 6x- ^ sin« 2x. 



24 ^ ^ 480 ^ 12 

Reducing this to a series in the sines of multiple ares 
by aid of tne reduction table on p. 88, we obtain 



^(^^--3-hV2 + l2 +T44>^^2x+(|S +2g80; ^^^ ^^ 



19«* 
+240 sin 6x. 



4Bo=4BU|+2| j sin 2*>-|g sin 4xJ 

= 45U^ + 24^sm2x+|sin2xcos2x-4| 3in4xJ 

/5«« 377«»\ . - , 356» . . 
=(,24+l440r"^2x+576«^n4x. 

6 Oa = 3 Ce' sin 2x= j|^ sin 2x. 

On substituting these values in the original expression, 
we get the approximation 

*'-'' = (,2+24 -32-6760/^"' ^x-gg sm 2x cos 2x 
+( g + 32 ) sui 2x cos 4x+ gg sin 2x cos 6x 

+V2 + 12+l44>"'2xcos2x+(^4g+288o>^'^4xcos2x 

• « o /5** 7«« 503«» \ . . 

sm 6x cos 2x-(^|g+go - jj52o;«"^ ^x 



. 19«« 



240 

5€» . . . /5«« 377e«\ . . 

-|g sm 4x cos 4x-( 24 + 1440^ s™ ^x cos 4x 

"576 ^"^ ^^ <^^ ^^^ViSO + i3440J ^"» ^'^ 
, 13*» . „ ^ 1237e' . - 

+ jg^ sm 2x cos 6x-igi280 ^'" ^^' 
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or, on reduction and rearrangement, this becomes 

, /7«« ^81«» \ . . , 4 279«« . - 
+(,i20-^Tl20; ^"^ ^'^■^161280 ^"^ *^' 

This approximation agrees Mdth the expression deter- 
mined by Lagrange's series. 

DBVELOPMENT OF ^-x: IN TERMS OP x— THIRD METHOD. 

We can develop ^ — x in terms of x by a method similar 
to the second metnod of developing the same in terms of <p. 
(See p. 18.) 
Let 



|=|-(a€2 + 6c* + C€«+d€*+- • • •). 



But 



log^ tan S=loge tan h — €^ cos p — o <^s* p— v cos* p 



— =^ COS^ f — ' 



From the Taylor development on p. 19, by changing 
the sign of Thy and by interchanging p and z, we get 



4 cos* g 
3 sin* 2 



logetan ( o — ^ ) = log© tan ^ — ' ^—i — Ti^ — i 

^* \^2 / ° 2 sm 2 sm* z \ 

4 \,- /2 cos* 2 , 10 cos2\ ,. 
3 sm* zj \3 sm* 2 3 sm* zj 

By substituting the value of fc and by retaining terms to 
the eighth power of € inclusive, we obtain 

loge tan Q-^j=loge tan f-^jj^ (a€* + 6€* + C€«+d6») 

2 cos 2 r ^^ . n X « . /n . o \ in /4 COS* 

3 sm* zJ \3 sm* z 3 sm* 2 / 



z 
z 
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The pjowers of cos p must now be approximated in terms 
of functions of z to include all eighth powers of €. We have 
assumed 

2 2 '^^ 

or 

p=2 — 2^. 
cos («— 2Jl) = cos z cos 2A+sin z sin 2^ 



= (1 -2A») cos 2+(2A-^') sin z. 



The approximation does not need to be carried further, 
since powers of c are not required above the sixth, because 
we are approximating for ^ cos p. 

Substituting the v^ue of \ we get 

cos (2 — 2^) = cos j)«=(l — 2aV — 4a6€^) cos z-V 

{2ae + 26c* + 2c€« - ^ €«^ sm 2, 

cos' p = (1 — 6a'€*) cos' 2 + 3 (2a€' + 26€*) sin 2 cos* z 

+ 12a'€* sin* z cos 2, 

cos' j) = cos* 2 + lOac* sin 2 cos* 2, 
cos^ p = cos^ 2. 
Substituting these values in the series for 

loge tan |i 
we get 

loge tan ^=loge tan h— (€* — 2aV — 4a6€') cos z 

— (^2a€* + 26€« + 2cc» - ~^' €«^ sin 2 - ^™ 2av\5os'2 

— (2a€'+26€') sin^cos* 2— 4aV sin*2Cos2— ^ cos* 2 

— 2a€' sin 2 cos* 2—= cos' 2. 

This series must be identically equal to the series ob- 
tained above by the Taylor development and hence the 
coefficients of similar powers of € must be equal in the 
two series. 
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Equating these coefficients, we get: 
2a 



smz 


— VAJO i^j 












2h 
smz 


2a^cos z 
sin^ z 


= —2a sin z- 


cos' 2 
3 ' 








2c 
smz 


Aab cos z 
sin' z 


4a' cos' 2 
"" 3 sin' z 


4a' 
3 sin' z' 


= 2a' COS Z 








— 2& sin 2 — 2a sin z cos' z- 


cos' j3 

5 ' 






2d 


2&' cos 2 


4ac cos z 


4a'6 cos' 


z 4a'& 






sin 2 


sin'2 


sin' 2 


sin' 2 


sin' 2 






4 

4 


2a* cos' 2 


10a* cos z 


in.h ma c- 


— 9.P. flin 5' 4. 


4a' 


sin 2; 



sm* z 6 sm* 2 3 

+2a' cos' 2 — 26 sin z cos' 2 — 4a' sin' z cos z 

^ . . COS^2 

— 2a sm z cos* 2 = — • 

From these equations in succession we obtain the values 
of a, h, Cy and d. 

(For the necessary reductions see the reduction table, 
p. 88.) 

1 . 1 . ^ 
a= H sm z cos 2 = t sm 2z, 

2 4 ' 

6 = 2 sin z cos 2— tk sin 2 cos' 2 = 7^ sin 22— gg sin 4 2, 

1 . 17 . 3 . 14 . , 

c = K sm 2 cos 2— To sm 2 cos' 2+t? sm z cos' 2 

2 12 15 

1 29 7 

=24 ^"^ 2^-480 ^^ ^^+240 ^"^ ^' 

d=K sing cos 2— ^ sinz cos'g+sjji sing cos'a 

4279 . , 13 . - 811 . . 

— ^,^„ sin 2 cos' z = i==7; sin 2g— ^^r>^^ sin 4g 
2520 720 23040 

.81 . . 4279 . _ 
+2240^"^®^ "322560^™^- 
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With these values the series becomes after rearrangement 
the desired approxunation 

/«»,5««^««^13«»\ . _ . n^ . 29t' . 811«»\ . . 
P-^-V2+24 + 12+360>^ 22+(^jg+24o+Yi520>"^^ 

/7*» , 81«»\ . . . 4279«» . _ 
- (,120+n20>"' «^+l6l280 ^"^ *^5 

or, in terms of «» and x, we get, as before, the approxima- 
tion 

/€»^5«*^«« 13^\ . _ . /7««. 29t«. 811«« \ . ^ 
V - X = (^2 -^ 24 + 12 + 366 > "" ^'^ "^ Vi8 "^ 240 + ll520>"' ^'^ 

^/7€» , 81«»\ . - . 4279t» . _ 
+Vi20+Il20; ^"^ ^'^+ 161280 ^^ ^^' 

DBVBLOPMENT OF «>-x IN TERMS OF x— FOURTH METHOD. 

ip—X may be developed in terms of x hy differentiating 
the equation of definition considering «? as a function of 
e' or of A, or by usin^ the more convenient form contain- 
ing p and by considermg p as a function of «' or of A. For 
convenience we write the expression in the form 

l<^e tan I = loge tan f +( ^+4 "^ 8 "*" 6i ) *'**^ ^ 

+VT2'*' le"^ 64; ^ ^'P^W'm) *^ ^P 

+ 448 ^^ ^P- 

Differentiating this expression, considering p as a 
function of h, we get 

l^cosec P-{J^+-i+s+Qi) sm P~\1^1q'^64) ^^ ^^ 
+(,1 + 2 +-8-*'T6; ''^'^ P-*" (,6 "^T6 +i6; *^ ^P 



+ 



\80 16/ *'**^ ^^112 *^ ^P=<^' 



1 
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I cosec P-(^ft+ 4 + 8 + Ql) am P-yj + jQ + Qi) s™ 3p 

A»_^6A«\ . ^ A* • - i^p r 

"Vie"'' 64/ ^"^ ^^"64 ^*° ^Pjdh'~\f°^^ P ^^ P 
^/'%^^'^^*j.^^*\ , /3A' 9A». 27A«\ 

+ir6 +-6r; '^ 52^+64- ''^^ ^p\\M) 

"Iv '^2+-r+i6; ^''^ ^'+(^2+ 16 +11; "" 3p 

+VT6-*-T6>'''^P+l6«^"72>j3^ 

^/3A^3A»\ . , 3A' _ - 
"•"(^iO"^ 16^ *^^ ^^■'"112 '^ ^P=^> 

r /j.^^'j.A\ 5^*\ • /A» 3A» 9A«\ . , 

l^cosec P-(^*+ 4 + 8 ''" 64/ ^"^ ^"U ^ ST/ **" ^P 

-(^16+64^ sin 5p-g| sin TpJ^^+j^cosec p cot'p 

+ co3ec' P+l »+T + o"+ft4") sin p 

^/9A' 27A»^81^*\ . , ^/25^» 126A«\ . , 




cosec p cot p 

+(^A+ 4 + g + gj j cos p+(^-4-+^ +-g4-^ cos 3p 

^/6A»^25A«\ ^ ^7A« _"|(?p(Pp 
+Vl6 + "64-; '''^ 5p+ gj cos 7pj5^ 5^ 

-3L(^l + 2 + -g-+-3^jsinp+(^2+^+^jsin3p 

+(,16+16; ^"^ ^P+16 ''"^ ^pj<i^ 

„r/i ^A , 3A» 5*»\ , /3A , 27A' 27A»\ „ 

-\V^+2+-8-+i6>°^P+iT + T6-+-l6-;<^3p 

+(Tr+^') ^ ^?'+B ^^ ^p](sy 



LATITUDE DEVELOPMENTS. 43 

» 

r /l^^'u.^'^5A«^ • A' 3A». 9A«\ . - 

l^cosec p-(^A+-j+g + g4 j sin p-(^^ + jg+ gj^ sin 8p 

-(^16+64^ am Sp-gj sm TpJ^+j^-cosec p cot' p 

— 5 oosec' p cot p+( A+-T+-5+-0J 1 cosp 
j^/27A* 8a» 243A*\ - ^/125A» 625*A 

^343h* _ "i/<ipv -. r 

H — ^j- cos 'P 11 ;5X ) "" 4 cosec p cot p 



64 

+ 



(^A+_+_+_) co8p+(^+ jg+-p-) cos 3p 
^ /5A» ^ 25h*\ ^ . 7A* _ "I dp ^ 

+ VT6+ T6>'' ^^'-^Te ^'^ ^PjsF 

+ 4[(l+|+^-|%^') sinp+(^+^+^) sin 3p 
^/76A» 125A'\ . ^ ^49A» . _ l/dpN* 

+61 cosec p cot' p+cosec' J'+l *+ 4:+"o + ci ) sin p . 
^/9A' 27A»^8a«\ . „ ^/25A' 125A«\ . ^ 

+VT+-r6-+"6r; ^''^ ^p^(rT6^-6r) ^'"^ ^p 

,49h* . _ 1/dpVd^p S 

+-Q4- «n 7pJ^j 3j^-3Lcosec p cot p 

+V'^+ 4 + 8 + 64; '''^P^Krr^ 16-^-64 ) '''^ ^P 

+U'^"64-; «°^ 5p+ gj cos 7pJ(^5^j 

- 12|_(^1 +^+-^ + _ jcosp+(^^+^g-+^ cos3p 



44 V. B. COAST AND GEODETIC SURVEY. 

J"/l , 3/i. 15^^ ./3.27A.8a»\ „ 

+(^^+T?) «°« 52>+^' cos 7p\{^y 

-{(j+^-f) sin P+(|+x) «'" 3p 
,/3^15^^ . . .3^ . - Idp ^15 

+V8+-8-; ^''^ ^p+T ^'"^ ^^Jaf + T ^'"^ p 

+^ COS 3]?+^ cos 5p+^ cos 72> = 0. 

Denoting by brackets the values of these derivatives for 
fc=0, and remembering that functions of p become fimc- 
tions of z for ^ = 0, we obtain in succession by substitution 
and reduction (for the necessary reductions see the reduc- 
tion table, p. 88): 

TY- 1= — sm z cos 0= — 2 s^^ 22, 

'd^vl ^ . .7. 3 5.^.7.. 

^ 1= — 2sm0cos0+o sm2Cos'2= — Y2 ^^'^^^"^oJ®*^ ' 

56 
= — 6 sin 2 cos 2+ 17 sin 3 cos' 2j— -=- sin z cos* 2 

5 

= —K sin 22+ jTr sin 42— hq ^^^ ^^' 

I Wh* t "~ ®^ ^ ^^® 2+120 sm 2COS'2 «- sm 2C08*2 

. 8568 . , 13 . ^ 811 . ^ 

+ irvg sm2cos^2= —7-=^ sm 22+1-^7: sm 4z 
105 15 480 

243 . ^ .4279 . ^ 




LATITUDE DEVELOPMENTS. 45 

But from Maclauren's theorem, we have: 



+ 



• • • 



Substituting the above values in this series and rearranging, 
we obtain the approximation sought: 

He* ^81e« \ . . , 4279t« . „ 
-(,120 + 1126; ^'^ ^^■*' 161280 ^'" ^^' 

or, in terms of (p and x, we obtam, as before, the approxima- 
tion: 

^/ 7€« , 8l€» \ . ^ . 4279€» . . 

■*"VT2o+ri2o; ^'^ ^^■*" 161280 ^'"^ ^^• 

DEVELOPMENT OF ip-x IN TERMS OF x— FIFTH METHOD. 

If we wish to develop ^— x in terms of x, startiag with 
the expression: 

tan|-tanf[l+Acosp + ;^'(2f2+^) + ^'(5^ 



COS* p cos^ 
3 "^ 5 



P\ . xycos* p , COS* p , 23cos* p , cos^ p\] 

;+^\^4 +-6~ +~9o +-7 ;J 

it is more convenient to make the substitution 

tang= ,ry 
2 1 + cos p 

and write it in the form (for the reductions, see table, p. 88.) 

-(l+cosy) tan 2+( l+-g+24+fi52)^"^^ 

+V2+T2+96+2ij«'" 22>+(^g+Yg+jggjsm 3p 

+(S+S'+ 1^) «»^ *2'+(l+ il) «^ 52> 

'^\m^u) ""^ ®^'^5w ""^ ^^+§9§ "'" ^l'=°' 
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We shall now differentiate this expression considering p 
as a function of h or of «'. 



l^sin p tan ^+(1 + g +24+ ii52 j ^**^ ^ 



+ V'^+ 6 + 48 + T2; «^ 22>+(^-g-+-jg +^ cos 3p 

_, /A* 1U», 7A<\ . ,/5h',65h*\ 
^{e^-W^ls) '^ ^^+(,48 + 576; """^ ^P 

^yW^Ti) «^ ^^+5760 ^°^ ^^+112 '^^ ^Pj 5^ 

, /A. A» 29A»\ . , /I , A. 7^', ^'\ • o 
+V4+8 + 288>'''P+(,2 + 6+32 + 6>"^22> 

+V4+ 16 + 40>"^ ^^+(.T2+-80"+ 48>"' ^^ 

,/A', 13A»\ . , ,/3A' A»\ . - . 23A» . _ 
+(,16+144; "''^ ^P+ VI6O+2I; ^"^ «y+l440 ""^ 7P 



■ 224 ■"*" "^ "' 
Lsin i> tan 2 + VI + g +24"^lT52J ^^ ^ 



+ 
+ 

+ 
+ 



ptan2+(^l + g+25+jj52;co«2' 

^r+6 + ll+W ''^ 22>+(^-g-+^+^cos3p 
^A» 11A», 7A<\ ^ ^/5A» 65A<\ 

A80 +I4; '^ ^P+ 5760 ^ ^^ 
-jj^ cos 82>] ^+ [cos j> tan I 

-0 + 8+24+IT62>"'^-V2'^+3 + 24 + 6>"^2p 

/9A» 9A»^63A*\ . , /2A» 11A» 7A^\ . ^ 
-(T "^ 16 +T60>"^ 3^- V-3-+-l5-+l2>"^ ^P 
/25A»^325A*\ . ^ /9A' 3A<\ . ^ 

-(,ir +-576-; "'" ^p- V40 +t; «"^ ^^ 
-576r ^''^ 7^-n*^ ^^JU; 

+2[U+8 + 288;«°"'P+V + 3 + T6 + 3>~2p 
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+ 






+ 



+ 



+ 



7p+^ cos SpJ df +(^4+4+-96->«^2' 

/I . 7A. ^'\ . - ^/l . 3^, 21A«\ . „ 
(e-^Te-^ 2-; «^^ 2j)+(^4+-g-+^ sin 3p 

(,12+40+16; ^"^ ^^+U+^; «>^ 5p 

V80+ TJ ^"^ ®^+ 480 ^"^ ^^+^ ^"^ ^^°=^' 



l^sin p tan 2+(^l + 8 +24+1152 j ^''^ ^ 



+V'^+ 6 + 48 + 12J^°^22>+(^-g-+3g+3goj cos 3p 

^/A' ia», 7^«\ . ,/5^» 65A<\ , 
+(,6 ^"60-+ 48; ^°" ^^+(,48 + 676; «*^ ^^ 

+(,80 + 14; ^^^'^ ^2^+ 5760 «o« 7P+ j^g cos 8pJ g^ 

+L-sin p tan 2-(^l + 8+24+1152; ^'"^ ^ 

/.,^2A» 7A». A<\ - /27^' . 2Th? , 189ft« \ . 
-(,4^+T+r2-^3>°«2p-(^-8-+^g-+^g0-jcos3p 

/8A« 44A» , 7A<\ , /125A» 1626A*\ 
-(,X+-16-+X; *^°" ^P-\-W +-576-; '^'^ ^2^ 

/27A»^183l<\ ^ 7889A* 
-(,-20"+-r; '^^^ ^2'— 5760" «o« 7p 



— =- cos Sp Kg?) +3 I cos f tan s 

-(,^ + 8+24+ll52>"^^-(,2'^+3 + 24 + 6>"^ 2p 
/9A' 9A« 63A«\ . „ m' 11A»^7A*\ . , 

-(.T+Te +T6or"' ^^"(.T +-16-+ 12; «"^ *^ 

/26A« 325^*\ . ^ /93l» 3^*\ . „ 

-(,18-+ -576"; ^^^ ^^- V46 +t; ^"^ ®^ 

1127A* . , A* . „ "I <^P ^'P 
-- 5760-«"^^^-l4^^''^^JiJ 
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. 161^» - , ^' Q 1^ ■ of A . A'. 29fe»\ . 
+-n40««s7p+2gCO88pj55g+3|_-(^5+g + 28gj8iny 

/a^llA»^7A«\ . ^ /25A^^325A»\ . ^ 



27^» , 12A''\ . ^ 1 1273l» . „ 
— + ^^)sm6p—^^^sm7p 



-( 
2A» . o ^/<^pVJ.9^/l^^u.29A*^ 

-^8m8pJ^j+3|_(^j+4+-gg-jco8 2> 
+(1+^^.3) cos 2,+(^f^f-') cos 3. 

+^ cos 82)]^+(i+^) sin 2'+(^ + a) sin 2p 

+(,8+20-; «"^ 3^+U'^t; ^'"^ ^p 

+V8+-2I: ; sm 5p+(^+y) «'" ^^+240 ^"^ ^P 
+ jY2 8m8p=0, 

l^sin p tan 2 + (^l + 8+24+1152/ """^ P 

+('^+ 6 + iS+W «°« 22>+(^-g-+^+^j cos 3p 

+(,6 +-60"+ 48><^ ^^+ V48 + 576; '^ ^P 
,/3A» A*\ „ , 16U« n , ^' Q "1*2 

+(,80 +W *'*^ ^^"^5760 ^**« ^^+TT2 ^^ ^Pj 3F 

+1^ - cos p taa 2 +^^H-g +24 + JY52 j ^'^ P 
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. 55223A* . _ ^32A< . _ l/dpY 
- srn 7p+-7- sin 8i>J(^3|j 



32h'176h»28n*\ . . 



6760 



20 12 



+ 4 l^cos p tan 2 - (^1 + 8 + 24"^ 1162; sin p 

-(,2'^+ 3 + 24 + 6; ""^ 2p-(^-g-+ 16 + j[6o; srn 3p 
/2A» 11A« 7A<\ . , /25^» ^^325^«\ . ^ 

-VT"^-ir+T2; «"^ ^p-(,-48-*-57r; «"^ ^P 

-14 ^"^ H i 5^+1(4+8 + 288; ''"^ P 
/ , ^Ji ,7h'h*\ - , /3A. 9^*, 21A»\ _ 
\l + 3+l6 + 3; "^ ^P+{t^16+-w) «°" 3^ 

^; cos ^P+yjQ+j^) cos Sp 

^/9ft»_^2?i»\ . ^161^» 

+ V80 + T; *"^ ®^+ 1440 «*^ ^P 

+1 ^'"^ ^^'J ^+4 [-(1+1+^*) cos p 

/x ^'*Au-7'i'u.4'i'^ o /27A, 81A» 189A«\ „ 
-V^+T+X+X>°"2p-(^-j- + 3g-+-40-j C083P 

/16^^44A'^28A'\ , /126ft' 1626A»\ 

-v-r+-r+-3-; ''"^ ^^-(,16- +144-; ^'^^ ^p 

/81A' 72ft»\ - 7889ft» 
-VW+-r; """^ ^^"1440" '^ ^p 

— =- COS 8p ( jt ) +6 —sin p tan s 

A^ft* A».29ft^ Axj.2ft*, 7ft» ft*\ „ 

-Vl + 8+24+n62;''*^y-V'^+"3-+l2 + 3;*^2p 

17118*— 21 i 
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/125A»^1625^*\ ^ /27h'l8h*\ 

7889A* - 4A< - n /dp\» d'» 

-5760" «°" ^2>-T ««« 8H W dt- 

+3 l^cosp tan 2~(,^ + 8'^24'^Tl62J ^'^^ 

/9A» 3A*\ . ^ 1127A< . , 
-(,40 +T; ^ ^^-5760- ""^ ^^ 

-J48m82>J(^5^j+12L-(^;j+g + 288;smp 
/„^2ft, 7A» 2A»\ . „ /9A, 27A» 63A»\ . - 

/4A^11^« 7^»\ . , /25*V326A*\ . , 

"VT+T+XJ "'^ ^^-(,16" +144-; ^ ^^ 

/27^« 12^'\ . ^ 1127^' . , 
-\-W^^ ""^ ^^-1440- ""^ ^^^ 

+ (i+LV,.)eos2,+(|+f+^)cos3, 
^/1,11A.7A'\ . , /5A, 65A'\ 

+(i5+x) ^°^ ^^+ W '^^^ ^^+^' "^ *2>] ^ 

-(i+X + ^') ^"^ 32>-(|+^^+7?i') sin 4p 
/25A^326A»\ . s /27ft^36W\ . „ 

sin7.-fsin8,](^y 



1 127^ ^ 
480 



+ 4 [(j+^) cos p+(|+2a) cos 2p 
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3 •- 






+^40- cos 



7P+Y4 cos 82>J ^+43 sin 2? + sm 2p 



23 3 

"*"240 ®^ ^^"^ 1I2 ®^^ ^^ "" ^' 

Evaluating these derivatives for ft = 0. remembering that 
functions of p become fimctions of z lor ft = 0, we get by 
successive substitution and reduction (for the necessary 
reductions see the reduction table, p. 88): 



1 • o 
sm z CO& 2= — 2 s^^ 22, 



I ^ I — 2sm2Cos2 + ^ sm2cos^2= — ^o sm 22 + 24 sill 42, 
I 5^ 1= — 6 sm 2 cos 2 + 17 sm z cos' 2 — -^ sm 2 cos^ 2 
== — 2 sin 22 + 4^ sin 42 — 20 ^^^ ^^> 



24 sin z cos 3+ 120 sin z cos' z — ?- sin z cos* z 

. 8558 . 
+-TKr 8in z cos' z 



13 . „ ^811 . . 243 ._ , 4279 . „ 
= "15 sin 2z+ jgo sin 4z- j^^ sm 6z+g^ sm 8z. 

When these values are substituted in the Maclaurin devel- 
opment (see p. 45) and rearranged, we obtain, as before, 
toe desired approximation: 

'°'P+V2+2i + 12+360>"'2z-(^4g+230 + j3520>«^42 
+(i20+n20r"^ ^^-161280"'^ ^' 
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or, in terms of ^ and Xi the approximation: 

/7€*^8l€»\ . ^ . 42796» . ^ 
■*-Vl20"^n20; ^^ ^^+161280 ^^ *^- 

DEVELOPMENT OF «>-x IN TERMS OF x— SIXTH METHOD. 

tp—X can be developed in terms of x. directly from the 
equation of definition by the application of Liagrange's 
theorem. Let us take the form: 

logetan ?==logetanH — c' cos p— « cos^p— -^ cos* p 

—■= cos' p— . . . . 

In this expression, let 

x=loge tan ? 

t/=logetan2> 
and it becomes: 

x^y — e^ cos p — « cos^ P"" e c^* P~"7 ^^ P" ' ' ' ' 

The series in €^ is a f imction of x, since p is a f imction of x. 
We might replace cos p by its value in terms of x, but this 
is not necessary. The problem in hand is to develop the 
f imction 2 tan~^ e^ in terms of y or in terms of z through 
the functional relation between y and z. By Lagrange's 
theorem, since the series in €^ is a small quantity, the de- 
velopment may be expressed in general terms as follows: 

/(x) =/(y) + j-j g(y)f'(y)+^^ ^ my)Yf'(y)} 

in which/ (x) denotes the function of x to be developed 
and g (y) denotes the series in €* with z replacing p. The 
prime Quotes differentiation with respect to y. 

/(t/)=2 tan-^^y 

« 2tan§ 

(y)-i-T^ ^-2 8in2C08 2=8ma. 

8ec»2 
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Retaining all powers of € up to the eighth inclusive, we 
get: 

^ COS^+o cos' Z-^--^ COS*24-T= COS'2 1 

€^sin 2 COS 2 + sin z cos' 24-^ sin^cos^g 
•\-Ti sm z cos^ z \ 

\9 (l/)P"*€* cos' 2 + -5- cos* 2-i--j«- COS* 2 

&(l/)P/' (y) =" ** 8^1^ ^ ^^s' z + ^ sin 2 cos* 2 +-7k- sin2Cos*2i 

[S'd/)? == — €* cos' 2 — €* cos^ 0, 
[9(1/)]*/' (y) = "-€* sill 2 cos' 2 — €* sin 2 cos* z, 

\g(y)Y='^co8*z, 
\giy)Yf (y) = c' sin z cos* 2. 

To differentiate these expressions with respect to y, we 

may differentiate with respect to z and multiply by -5- or 

sin z, since / (y) is equal to z. For successive differen- 
tiations, we differentiate with respect to z and multipljr by 
sin z} then differentiate with respect to z again and multiply 
by sin z again, and so on for the remainingdifferentiations. 
With this understanding, we get by differentiation and 
reduction: 

d . . 2c' 

'T'{lff(y)Yf'(y) } ~ ^ sin z cos' z — 2c* sin' z cos 2+ -«- sin^cos'^^ 

8c« . . , , 23c' . , 46c' . . - 

— -5- sm'2 cos' 2+-r?' sm 2 cos^0 — te" sm'2 cos* z 

3 45 15 

— --2c* sin z cos z +^ 3c*— -s- 1 sin z cos' z 



(3.-¥)™ 



/lOc' 46c'\ . , 161c' . , 

+( -« =-^ Ismscos' Z'\-—T^ sm z cow Zj 
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x^fb'Cy)?/' (l/)} == — €® sin z cos*^ 2 4-4€^ sin^ z cos* z 
+ 9€® sin* 2 cos* 2 — 6€® sin*^ 2 cos 2 — e* sin 2 cos^ 2 
+ 6€* sin* z cos^ 2-I- 15c* sin* z cos* 2 — 20c* sin* z cos* sr 
= -6€*sin 2COS0+ (25€«-20€*)sin z cos* 0- (20€*-6l€*) 
sin z cos* 2 — 42 c* sin 2 cos^ 2, 

d* 

J7{l5'(y)]*/' (y) } = €* sin z cos^ 2 — 6c* sin* z cos* 2 

— 61c* sin* z cos*2 -t- 68c* sin* z cos*2 -t- 60c* sin* z cob* sr 

— 24c* sin^2 cos 2 = — 24c* sin z cos 2 -h 200c* sin z cos* 2^ 

— 385c* sin z cos*2 + 210c* sin z cos^ 0. 

Substituting these values in Lagrange's development, we 
get 



c 



4 ^6 



C* . . C* . 



p==2 — c*sin2C0S2 — 5^sin2Cos*2--vsin2Cos*2i— = sin^cos^^ 

^/3c^ 4c*\ . 3 

— c*sin0cos 2+( -o- — -«- Isin^cos* z 

. /6c* 23^\ . , _^161c* . 7 fl . 

4-( -S- — -T-^ )Sin2COS*2 + 777j — SUl COS^ 2 — C* Sin j2 COS 2 



90 

1 n*« fli ^\ 



2 



/26c* 10€*\ . , /10c* 61 ^\ . 
+( -^^ — o- ) smg cos* 2 — ( -5 ^ jsm 2 cos 

26c* 
— 7c* sin 2 cos^ 2 — €* sin 2 cos z-\ — 5- sin z cos* z 

386c* . . 36c* . . 

— ?rT- ^in z COS* z H — J- sin z cos^ 2- 
24 4 

By collecting like terms, this becomes 

(7c* 17c* \ 
^ H — g- 4- 6c* jsin z cos*2 

/28c* . 889c*\ . , , 4279c* . , 

Substituting the reductions from the table on page 88 
and rearranging, we obtain the desired approximation 



2> = 2 



/c» .6€*^c*^13^\ . ^ . /7c*. 29c* . 811c* \ . ^ 
A2'^24-*-12-*-360;"'^ ^^ + V48^240 + n520;^"^^ 
/7c* , 81c* \ . ^ . 4279c* . o 
-(120^1120; "^ ^^+161280 "^ ^- 
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In terms of ^ and x this becomes, as before, the approxi- 
mation 






( 



7€« 81e«\ . ^ . 42796« . ^ 
T20"^TT20 j ^'^ ^^■*T6T280 ^'^ ^^• 



I>SVBLOPM£NT OF ^-x IN TERMS OF x— SEVENTH METHOD. 

tp—X can be developed in terms of x by the application 
of Arbogast^s rule (see p. 28) . The function to be developed 
in. this case is 

p=2 tan"* exp*noge tan o""TT ^^® P~2» ^ ^^ P 



A» 6 , 
-"315^ 



^""41 y cos' 2>- • • • ^=^4-^1 Y^ 



+^3 2l+^»3l"^^*4T"*"* • • • 
The -4's are computed as before in the forma 

^z^<^if (ao)+3a, a^y^ (ao)+a8/^ (ao), 
^4 =-«!*/* W + 6ai2 0,2 f (ao) +4©! a,/^ (ao) 

+ 3a32/'(ao)+ci4/' W, 
etc. 

(For the necessary reductions in the following work con- 
sult the table on p. 88.) 

/(ao)=2, 

but 

ao==loge tan k* 

dao ^^ 2 1 



^ 



^ , 2 sm z 
2 tan 2 



♦expi— e« 



9 
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or 



henoe 



dz 



f (ao)=sin2, 

P (ao) =cos z ^=sin z cos z, 



dz 

==sm z cos 2z, 

dz 



P («o) =cos 20 -J— ==siii 2 cos 2z, 



/* too) = (cos 2 coo 22 — 2 sin sin 20) t— ^ 
=sin cos cos 20 — 2 sin^ z sin 20. 



Also 



a3=-^ cos^p, 



a^ = — cos J), 
2 3 

6 

6 

24 , 
a4= -^ cos^ p. 

The -4's could now be computed, but they would con- 
tain a combination of fimctions of and of p, since the 
a^s are functions of v. 

It is necessary, then, to approximate these functions 
in terms of 0. ai must include terms in «• or A*; a,, in h^; 
and a., terms in h. a^ needs only to have p replaced by 0. 
In order to obtain this approximation we must develop the 
function 

/(p) = cos [2 tan"^ exp (log© tan 2""p ^^ ^~2l 8 ^^* ^ 
"3] 5 ^^ P )]= A + A Ti + ^a2l"^^»3!'^ 



We have now 



Oo^'loge tan 2> 
(20 sin 0' 



or, 



Also 
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dz 

/(ao)=C08 2, 

P («o) = -sin z ^= -sin' 0, 

/H«o) = —sin 2g J— = —sin z sin 20, 

^'(<2to) = (—cos 2 sin 22—2 sin z cos 20) t— 
= —sin cos z sin 2g— 2 sin' cos 2z. 

Oj = — cos y, 
2 3 



6 6 
08= — «^ COS* p. 



Therefore 



u4o = COS Zy 

u4i = sin' cos p, 

2 

-^2= (sin sin 2z cos' pH-o sin' z) cos' 2>, 

-Aj = (sin z cos sin 20 + 2 sin' z cos 2g) cos' 2> 
— 2 sin 2 sin 20 cos* pH-v sin' z cos* 2^. 

By substituting these values, we obtain 

cos y = cos ^jH-ji sin' z cos p + ol ( — sin z sin 20 cos' y 

2 . h^ . 

-f s^ sin' 2 cos' 2>) H- o^ [(sin z cos sin 2^ 

+ 2 sin' 2 cos 2z) cos' p -- 2 sin sin 2z cos* y 
+ «^ sin' z cos* 2>]. 

As an approximation with the first power of i\ we get 

cos y = cos z-^-h sin' z cos z. 
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Substituting this in the above expression for cos f 
and retaining the second powers of h, we get 

cosp = cos 2+Asin^ z cos 0+A*sin* z cos z 

4-2 ( —sin z sin 2z cos^ z+-^ sin^ z cos' 2 V 

Finally^ substituting this approximation in the expression 
for cos p and retaining all third powers of h, we get the 
required approximation • 

cos 2> = cos z-\-h sin^ z cos z-hh^ sin* z cos z+h^ sin* z cos 2 
^3 2 

4-2 (—sin' z sin 2^ cos' 24-0 sin* 2 cos' z) 

A' . . 
4-2 (—sin sin 2z cos' 2) 4- A* (—sin' z sin 22 cos' 2) 

A' 
4--;3 sin' cos' z 4-A' sin* 2 cos' z 

A' . 
4-j^ (sin 2 cos* z sin 20 4-2 sin' z cos' cos 2^ 

6 . , 



— 2 sin z cos* 2 sin 22 4-^ sin' z cos* z), 



or 



8 .._• _ . 5 



coft p = cos z-\-h sin' z cos 2+A' (cos 2 — « cos' 24-3 cos* 2) 

-j-A' (cos 2 — 5 cos' 24--R- cos* ^""X ^^^^^ ^^' 

cos' p = cos' z-\-Sh sin' 2 cos' 24- A' (6 cos' 2 — 14 cos* 2 

4-8cos^2), 
cos* p = cos* 24- 5A sin' 2 cos* 2, 
cos^ p = cos^ 2. 

If these values are substituted in the expressions for 
the a's on page 56, we get 

©1= — cos 24-A sin'2C0S24-A'(c08 2 — 5^ cos' 24-K^ COB'gJ 

4- A' (cos 2 — 5 cos' 24--^- cos* 2— -R- cos^ 2) L 

2 

aa= — 2 [cos'24-3Asin' 2 cos'24-A' (6 cos'2— 14 cos*2 

+8 cos^ 2)], 
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I* 

^3 = — ^ (cos* z-\-5h sin^ z cos* z), 

24 , 
<x^= — -7- cos^ 2. 

With these values and the values of the derivatives of 
f (ao) on page 56, we get by retaining all requisite powers of 
h the following approximations 

-4.0 = z, 

A,x = — [sin z cos z-^-h sin^ z cos z-^-Ti^ (sin z cos 2 

— TT sin z cos* 2+^ sin 2 cos* 2) 4- A' (sin 2 cos z 

— 5 sin z cos* 2f-f -«- sin z cos* — «- sin 2 cos^ 2)], 

u4.2=sin 2 cos* 24-2A sin* z cos* 2 + ^^ (3 sin z cos* 2 

— -5- sin 2 cos* 24--0- sin 2 cos^ 2) — « [sin 2 cos* 2 

+3A sin* 2 cos* 2 + A* (6 sin 2 cos* 2 — 14 sin 2 cos* 2 
4-8 sin 2 cos^ 2)], 

^.=: — (sin 2 cos* 2 cos 2z+Sh sin* 2 cos* 2 cos 22) 

+2 (sin 2 cos*2 + 4A sin* 2 cos* 2) — « (sin 2 cos* 2 
+ 5Asin* 2 cos* 2), 

^4 =sin 2 cos* 2 cos 22—2 sin* 2 cos* 2 sin 22 

— 4 sin 2 cos* 2 cos 22 + -^- sin 2 cos^ 2+ « sin 2 cos^ 2 

24 . , 

— -=- sm 2 cos^ 2. 

Substituting these values and reducing by use of the table 
on p. 88, we get the approximation 

p=r=2 — — sin2C0S2H-Apin2C0S2 — ^sin2Cos*2 

+A* ( sin 2 cos 2 — « sin 2 cos* 2+ «- sin 2 cos* 2 j 



+A*(si 



sin 2 cos 2 — 5 sin 2 cos* 2 + -^- sin 2 cos* 2 
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— ^ sm z cos^ 2 1 j+Q-. « sm 2 cos' z — h^ (sm 2 cos^z 

— 2 sin cos^ g+sin z cos^ 0) J4-«-. sin z cos' 2 

/» 

— ^ sin g cos^ + ^ (3 sin z cos' 0—7 sin z cos* 2 
o 

+4sm2cos^0) + J-. ( — sm2Cos*2+r^sm cos^2 )• 

Rearranging this in powers of Tior c^, we get 

f^z — t^ sin z cos 2 + e*f —sin z cos g + j^sin z cos' zj 

+ €•( — sm0cos0+-^sm 2 cos' 2 — j^sm z cos* 2 I 



+ €*( —sin 2 cos 2 + 5 sin 2 cos' ^ — ToR sin 2 cos* z 

_^4279 . , , 

1260^^^^ ^ 



) 



Making the reductions by use of the table on p. 88 and 
rearrangmg; we get the approximation 






~ (120^1120/ ^^ ^^"^161280 ^'"^ ^^• 

In terms of <p and x this becomes, as before, the approxi- 
mation sought 

/e^. 56* c« 13€'\ . _ ^/7€\29c« SllVX . ^ 
^-^ = V2"*"24^l2"^»^^2^+V48+240'*"ri520>^^^ 
,/7c« 8l€'\ . ^ . 42796' . ^ 
■*"Vi26'*"n20r''' ^^^161280 ^"^ ^^' 

DEVELOPMENT OF v>-/? IN TERMS OF «>— FIRST METHOD. 

In the equation of definition of authalic latitude (see 
p. 12), if the fractional part is divided out up to and includ- 
mg the term in 6', we get 

26' / 7 3 . \ 

sin i3=sin ^ [1 — -«- cos' v^"~( Tc cos' v^+r sin' <p cos' <p J6* 

/ 64 , . 6 . , , . 4 . ^ , \ . 

~\ 945 ^ ^^ ® ^ ^ v^+ 7 sm* <p cos' ^1^+ ••••]. 



Now let 
then 

Assume 
then 
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sin /3»asin <p, 



, P a tan ip 

tan j8=(l— 6) tan <p, 
. /,\ 6 sin 2<p 

tan V^ — ^)=?5 TTT o"' 

VY- t-j 2 — 6 + 6 COS 2^ 



If 



5 S.^J'^^ft' &' 
2"2^ = 2"^4^8^i6"^"" 

we get, as in former developments (see p. 13) : 

<p—P=q sin 2^—^ sin 4^+^ sin 6<p— 

Now 

a = l — «- cos' v?— ( jF cos' ^+F sin' v? cos' ^ )€* 

or arranged in powers of cos' <p, this becomes 

^ /2€'.34€*^766€«\ , ^/36*.46€«\ , 
^«l^^_+_ + _^jcos'^+(^-5- + -35-jcos*^ 

4€« . 
=r COS* ^. 

1 _x„ 2: 

^ ^ [l + (l-a') tan'^]* 

-a[l-J d-a') tan'^+l (l-a')'tanV 

-^ (l-a')nanV+- • • • ) 

a 1 /4€'^68e* . 1532c«\ . , /74e*^3436€«\ . 
a'-l-(^y+-55- + -95g-jcos'^+(^^+-^5g-jcosV 

68€« . 
--35" ^^ ^ 

d-a') tan' <P-i^'j+^ -^"WT^^ ^ 

/74e*^3436^\ . , , ^GSe* . , 

-("!§•+ 945 ^ sm' (p cos' ^+35- sm' ^^ cos* ip, 
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or, when arranged in powers of cos* <(>, 

/. ,x X , /4^^68«*^1532««\ /4e»^142«« 

, 184««\ , , /74t* , 5272«''\ , 68t« , 
+ -35-; *^ ^+(,-45-+-945-; ''^^ ^"IF «^ *'' 

[(l-o») tan' ^P— 9- + -l35-(-9-+-9-;*^ " 

l/16««^64^\ , 592«« , 
+V-9-+-r; *^ ^-"135 '^ ^' 

[(1 -o») tan' *>?--27- — 5- c<» *'+~9" ''^^ *'~"27" **' 

1 /2«' 4e« 38««\ /26' lie* 

[H-(l-a')tanV]*~ \3 ■^46'^945>''^V 3 ■*" 45 

+ 3I5; <^ *'-(,45 + 189;^ *'+946 ^ *'' 

a /2e» 4f« 38t«\ /il,4«^\ , 

[1 + (1 -o») tanV]* " V 3 "*" 46 "* 945/ "VlS"^ 63/®** ^ 

Oil .fl 



Therefore 



+ 945CoeV. 



, 2«» 4e* ,38«* /«* 4««\ , 34*« ^ 
*°y + 46 + 946+V15+63; '^ ^"946 *^ ^- 

But to the approximation required, we have 
*'~l^={2'^4 8/°"^ *'~V8 8/®"^ ^+24 8m6^. 



^ 4«* , 16«« , 4«« - 
^ = ■9+135+45*^ **' 

" 27 



. re»,7«*_^,82«« /«« 17«^ , 17«« , "I . „ 
<'-^=L3'*"i5 + 945+(,30+3l5;*^^-945*'**^>"'2*' 

"(11+^+^ co8» *,)8in 4 AP+I^ Bin 6 ^, 
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or, finally, on reduction (for reductions, see table p. 88) 
\«re get the approximation 

o /€'_^31c*^59c«\ . ^ /17c* . 6l€«\ . ^ 
^-"^" (3 -^TSO + SeO^"^ 2 ^- V360 + 1260>^ ^ ^ 

. 383c« . ^ 
■^45360 ^"^ ^ ^• 

I>BVELOPMENT OF ^-/3 IN TERMS OF «r— SECOND METHOD 

The expansion of i3 in terms of tp can be carried through 
in a somewhat shorter way by the following method: 

Set 6^ = A and the equation for sin ^ becomes (see p. 60) 
sin /8 = sin ^1 1—^ A cos^ ^"KTk cos'^+v sin' tp cos'^jA' 
~"\ 04^ ^^^ ^ '^ ® ^ ^^^ v^ + 7 siJi ^ cos ^ ) '* 

i 

Differentiating this expression, considering jS as a func* 
tion of Ji, we get in succession 

o^P ' r 2 . /14 3.6.2 3 \, 

/64 , . 18 . , , . 12 . ^ , \,,n 

— ( «Yk c^ ^+ OK sm' (p cos' ^+ -=- sm* <p cos' ^ )A' » 

— 8m/3( ^ 1 +cosj8^«sm^ -( j^cos'^+vsm'^cos'^? ) 

/128 , .36 .3 ,^24.. 2 ^1;1 

— ( ^Y^ cos' v'+oH sin' v? cos' (p-h-f sm* v? cos' <p]h U 



— COB /3 






128 . a 36 . a a 24 . . , 

- — ttk sm <p cos' v?— oT sm' ^ cos' (p—i^ sm* v? cos' ^. 

These expressions must now be evaluated for A = 0. 
(For the necessary reductions see the reduction table, 
p. 88.) 
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Denoting the value f or A «= by brackets we get 
rdfil 2 . 1 . „ 

Idnr "3 ^ ^ *^ ^ — 3^^ ^' 

rd'fil 14 . 34 . , 

L5PJ°° -45 8"i ** COS *'-45 SM^ <P cos «>, 

31 • o ■ 17 . . 



■d»/S"| 128 . 664 . , 1532 . . 



L5^J°° "315^*'^ *'<'<^ *"" 945^™* <p *'*''' <f — giS"^"^' ^PCOS?* 

177 . „ . 61: . . 383 . „ 
280 ^"^ 2 ^+2To sm 4 V-j^qq sin 6 *,. 



By Maclaurin's series we have, on replacing h by c*, 



*-i«-x^[SH[^>3^,m 



+ 



• • • • 



By substituting the values in this expansion we obtain the 
desired approximation 

- «» . - 31«* . „ , 17t* . . 59e« . _ 

^-v,-3 sin 2^-ygQ sin 2^+3g^ 8m4^-^^sm 2», 

. 61«» . ^ 383e« . „ 
+mO^ ^^"45360^^*" 

or, as before, we obtain the approximation 

- /«» 3l€* , 69e«\ . - /17«* . 61«»\ . , 
^-^=(,3 +180 + 560^''' ^^"l360+l260; ^ ^*' 

^383«« . - 
■^45360^^^* 

DEVELOPMENT OP «>-/} IN TERMS OP v-TEOtD METHOD. 

We can develop the authalic latitude in terms of ^ by a 
method similar to that used for the isometric latitude on 
page 18. 

sin (^+A)=sin <p cos A+cos ^sin A, 
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If vre assume 

h^a^ + h^+c^+ • • • •, 

and if we wish to carry the approximation only far enough 
to include the sixth powers of €, we get 

sin {<p+'h)^(l'-^Jsm v'+fA—*^) cos <p' 

After substitution of the value of h we obtain the ap- 
proximation 

sin ((p+h)^(l — 2""~®^^)si^^+(^+^^+^^* 

--g- Icos ip- 
Now, letting 

we get 

sin j8=( 1 — -^-a6c* jsin ^+(ac^+6e*+c€®— -g- j cos <p* 

If the equation of definition of authalic latitude is re- 
duced to the form approximated to €*, inclusive, 



m^=sm^Ll-(^-3-+-5^4-^^jcos^^ 



sm . 



we may equate the coefficients of like powers of € in the two 
series, since the two series must be identically equal. In 
this way we may obtain equations for the determinations 
of the values of a, b, and c. 

a cos ^ = — o sm <p cos' ip, 

— -rtSin <p-\'bcos<p=^ — T-^sinv'Cos^ v'^ Rsin^cos*^, 

1 • . «* 766 . . 

— aosm^H- ccos^— ^ cos (p= ~qTc sm <p coar<p 

4-oc sm <p cos* ^— y sm ^ cos* if* 



\ 
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Prom these equations we obtain the values (for the 
necessary reductions see the reduction table, p. 88). 

2 . 1 . o 

a = — 5" sm ip cos v^= — « sin 2 ipi 

8 . 17 . 31 17 

6= — YgSin^co8v?4-^sin^cos*^«— rg7.sin2^+^^in4v?, 

86 . , 1864 . , 766 . 

c = - 189 sin ip cos v'+ggg^ sm ^ cos' v? -gsss ®^ ^ ^^^ ^^ 

59 61 383 

= -560 ^ 2sP+ 1260 «i^ 4 ^-45360^^ ^ *" 

When these values are substituted and rearranged we get, 
as before, the approximation 

^ /€" . 31e*^59€«\ . ^ /17€* , 61c»\ . . 
^-^^^VS-^-fSO-^SeO^'^ ^^""(,360 +1260; ^^ ^^ 

. 3836« . ^ 
■^45360 ^^ ® ^' 

DEVELOPMENT OF v'-/? IN TERMS OF «>— FOURTH METHOD. 

The development of ^— j8 in terms of i5 can first be made 
by the third, fourth, or fifth method (see pp. 72-79), and 
then this expression may be changed into terms of ^ by 
LaCTange's theorem. 

We are given the approximation 

^"^-V3"*'l80+5040J^^^2^H360+3780>^*^ 

"45360 ^'''*^' 
By Lagrange's theorem we have 

in which 

!7(*')= -(,3 + 180 + 5040;^ 2^-V360+3780;""^*' 
761t« . . 

"15369 ^^ ^^* 
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By squaring this expression, we get 

\g (^)P = (9 + 27^) sin' 2^+^ sin 2<p sin 4^, 
axid by cubing it we obtain 

Differentiating and reducing by the table on p. 88, we get 

d r f M. /46* 62c«\ . ^ o _L_23c« o • >. 

J- tg (^)P""l"9" l35y ®^ ^ ^^® ^270 ^^® 2^ sin 4^ 

4- joF Sin 2<p cos 4^ 



23c« 



. ^ . /2e* . 3l€«\ . . ^23€« . ^ 
sin 2^+( -Q- + J35 ) sin 4^+ygQ sm 6^, 



540 
3-2 b^ (^)P= 9 sin 2^-^ sin 6^. 

Substituting these values in Lagrange's series, we get 
the approximation 



/€»^3l€* 517c«\ . ^ /23€* . 251c«\ . ^ 
^ = ^-V3"^i80+5040r'^ 2^-V360+3780r^^^ 
£• . . 23c« . ^ . /c* . 31c«\ . . 



76l€« 



45360 
+^^ sin 6v?+gj sin 2^-^^ sin 6^. 



By collecting and rearranging we get, as before, the 
approximation 

^-^=(3 -^iso-^-seor^^ 2^-V3M-^l260>^^ ^^ 

^383€« . ^ 
■*'45360 ^'^ ^ ^- 
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DEVELOPMENT 0¥ ip-fi JN TERMS OF «>— FIFTH MBTHOP. 

<p—P can be developed in terms of ^ by Arbogast's ruk 
(see p. 28). In this case the function to be developed is 

i3=8m~H sin (p—jt :^ sm ip cos^ (p—-^ij^sin <p cos* <p 

+ ^ sm' <p cos' ^/~^\ tT^ ®^^ ^ ^^ ^ 

.36 . . 2 ,24 . 6 3 \ , "1 

+^sin' ^cos' v^+-=- sin^^cos'^ )-|- .... I 

with the A^s defined as before. 

etc. 

In this function we have 

ao=sin ^, 
dao 

or 

/* too) =sec ^ tan <p ^=sec' ^ tan <p, 

ys ((j^j) =r (2 sec' <p tan' v? + sec* <p) j^ =2 sec* ^ tan' <p 

+sec* ^, 

2 . 
©1= — o sm v? cos^ <p, 

14 . , 6 . « , 

(X2= — jk sm ^ cos' ^— K sin' ^ cos' ^, 

128 . , 36 . 3 , 24 . , . 

ai= — ^YgSin^cos'v^-QcSin'^cos'^ — s-sin* tpcoB^ip. 
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Substituting these values in the expressions for the -4's 
axid reducing by aid of the table on page 88, we get 

-4.0 = ^, 

A 2 . 1 . ^ 

-Ax= ""o sm ^ cos ^= — Q sm 2^, 

- 4 . , 14 . 6 . . 

-Aa«=Q^sin' ^ cos ^— Tc sin ^ cos ^— ^ sm' ^ cos ^ 

16 . . 34 . , 

«= — r-r Sin ^ COS fp+jn sin ^ cos' ^ 

31 . ^ , 17 . . 
= -^sm2^+j35Sin4^, 

g 

<14 
j^ sin ^ cos^ ^ 

+-^ sinV cos' ^ j sec' <p tan ^ 

(128 . 36 . 24 . \ 

«Y^sin ^cos'^+^sin' ^ cos' ^4--ysin*^cos'^ jsec^ 

16 . . 8 . - , 28 . , 

= ""97 sinV cos ^—27 sin' <p cos *?+ tf sin' ^ cos ^ 

12 128 . 36 

+-«-sin* <p cos ^— oTe sin ^ cos ^— ^sin' ^cos <p 

24 
— ^-sin' <p cos ^ 

128 . 664 . . 1532 . 



sin <p cos (p — 5XE sin' v? cos ^ — ktk' sm* v' cos <p 



177 . ^ ^61 . ^ 383 . ^ 
" ""2"80 ^"^ ^^■*'2l0 ^"^ ^^"7560 ^'"^ ^^• 

Substituting these values for the -4's in the development 
and replacing h by e*, we get, after rearrangement, the 
value obtained by tne other methods as the approximation 
desired. 

^383^ . ^ 
•*"45360 ^"^ ^^- 
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DEVELOPMENT OF ip-fi IN TERMS OF A-FIRST METHOD. 

This quantity can now be expressed in terms of /8 by 
the apphcation of Lagrange's series (see page 32). In this 
case 

"^45360^^^^- 

Squaring this and reducing by aid of the table on page 
88, we get 

17«* 
+1080 ^'^^^^^ 

♦ 

also by cubing and reducing 

A 

(/■(*')?=|g sin 2*»- j^g sin 6*>. 

^O)P-540 s"i ^ +(,F+I35; ^'^ ^'^-180 ^"^ «^' 
^ l/OS)P= -^ sin 2/3+^ sin 6^. 

Substituting these values in Li^ange's series, we obtain 
the approximation 

^-^-(3"^ 180 +660; ""^ 2^-V360+1260; ^ ^^ 

+45360 ^^^ *^+I080 ^"^ 2|3+(^9+27o; ^^^ ^^ 

17<* ** ^ 

-ggQ sin 6/5-g^ sin 2/S+ jg sin 6/S, 

or, after collecting similar terms, the approximation 
*'-^= (3 +180 +6040>'" 2|3+(^3gO +37g0 j sm 4^ 

+45360 ^"^ ^^- 



r 
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]>BV£LOPMENT OF ip-^ IN TERMS OF /9— SECOND METHOD. 

In the series for ^—i3 in terms of V? (seep. 69),let^=j8-|-x. 
Then 



-( 



360 ■*■ 1260 j^"' (4^+4'»>+45360^"' ^^^+^*^^ 



or 



(e* 3l€* 59^\ 
S'^TM'^^eO/ ^^^ ^^ ^^ 2x + cos 2j8sin 2x) 

-(ggQ + j26o) ^®^^ ^^ ^^ 4x + cos 4)3 sin 4x) 

383^ 
•f .,o/>Q (sin 6j8 cos 6x + cos 6j8 sin 6x), 

or, including all terms in ^, 

^-^==V3 + iW-^560>l-2^>^^2^+V3-^T80)2^ ^"2^ 
/17e*^61^\ . _ 17e*^ ,^ . 383^ . ^^ 



But 

^ = V3-*T80+560>"^2^-V360 + l260;«"'**' 

, 383e» . „ 
+ 45360 ^^'^ ^*'- 

Substituting this value and retaining all sixth powers of 
«, we get 

_ /«*, 31«*, 59^\ . „. 2«« . ... 

^-^ = (,3+l80 + 560;«"^2^-27^"' 2^ 

. /^ . 31«*V2«* . 31e*\ . „ „» 17«» . .. „- 

+V3 + r80AT+-90>"'2*'CO8 2^-55Qsm4^co8 2^ 

17«*, 61<«\ . .. 17«» . „- ,^, 383^ . .. 
,360 + i260J^"'^^-270^"'2^*'*^^^+i5360^"'®^- 



-( 



To the required approximation we get 

2e^ 
sin 2^=8in 2/8+-^ sin 2)3 cos 2/8. 
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Substituting this value, we get the approximation 



<p 



-^=(,3 +I80 + 660 j ^ 2^-27 ^ ^^ 

+(^+m) sin 2/3 cos 2/3+|^ sin 2/5 cos* 2/J 

17«» • .a oa /17«*, 61««\ . .- 
- 540 sin 4^ cos 20-(^3gg+ j26o; "'1 4/5 

-270 ^"^ 2^ *^ ^^"^ 46360 ^"^ *^* 



Reduced to sines of multiple arcs (see reduction table, 
p. 88), this becomes the desired approximation 



«>— 13 



\3 +l80+5040; «*" 2^+V360+3780; «" *^ 

sin6j3* 



+ 



45360 



(2^ 



2^ 34c^ 7666* 
45 "^ 945 



- j sin ^ cos' ip 



— ( -V-+-QK- jsin ^cos* ^+-=- sm ^cos* ^^ 



Assume 



^=j3-A=j3-a€»-J^-(.^- 



• • • • 



then 



sin ^=sin 08— A)=sin/3co8ir— cos j3sin A, 



or approximately 

sin ^=( 1-^ jsin j3— f A-g^jcos /5 

-(l-^-a&^) sin j3-(a€»+6€*+c^-^coB/5. 



This result agrees with that aheady obtained. ^ 

DEVELOPMENT OF ^p-fi IN TERMS OF ^— THIRB METHOD. 

<p—P can be developed in terms of j3 by a method similar 
to the third method of developing the same in terms of 
<p (see p. 64). 

We have 
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^=scos (P—Ti) =co8 P COS A+sin fi sin Tv, 
approximately 

cos (p=( 1 — 2^jco8 i3+rA— g jsiniS* 

No powers of e beyond the fourth are needed in this 
£i*pproximation. 



cos 



<P^(l -^ ) cos j3+ (ae^ + U*) sin p$ 



cos* ^=cos* j3+2€^a sin j3 cos fi-^e* (a* sin* P 
+ 2 J sin j8 cos j8 — a* cos* j8), 

sin tp cos* ^=«sin j8 cos* j3+6* (2a sin* jS cos p—a cos* j3) 

7a* 
+ €* (a* sin* i8+ 2 J sin* p cos j8 — s" ^^ ^ ^^^^ ^ 

-Jcos*j3), 

sin <p cos* ^=sin fi cos* j3 + 6* (4a sin* p cos* j8— a cos^ j8), 

sin <p cos® ^=sin j3 cos® p. 

Substituting these approximations in the expression 
for sin <p, we get 

sin^=sin j3+-~sin iS cos* j3+€* ( -^sin* j3 cos j3 — ^ cos* j3 

+11 sin P cos* j3^ + €« (-^ sin* /3 +^ sin* iS cos p 

— -«- sm iS cos* iS— ^ cos* P-^-TF sm* i3 cos i3 

— -j^ cos* i^ ) + -qJk- sm iS cos* p — -^ sm jS cos* i3 
. /12a . 2 ^ , o 3a 5 ^ . 46 . ^ .A 

+-=■ sin j8 cos* j3» 

But this series in c* must be identically equal to the 
series already determined in the form 

(a*€* \ / a*6*\ 

-2-+a&€® jsin P — lae^-^l^+ce^ — 6~/^^^ ^' 
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Equating the coefficients of like powers of e, we get the 
equations 

2 . 

—a cos i3= o 8^ P ^^^ Pf 

— ^ sm j3— 6 cos i3=-^ sin* j3 cos i^— -^ cos* /S 

34 • 3 . 

H-jk sin jSoos* j3— ^sin/Scos^/S, 

a* 2a* 4& 

— a6sinj3— ccosj3+g-cos j3=-^sin' /34-^ sin* fi cos)3 

— s- sin fi cos* i3 — 5- cos* Z^+tf sin* j3 cos /S 

— -j^ cos* I^+qTk sin P cos* /3 — «- sin* /3 cos* /3 

+-=- cos* iS— 5^ sin iS cos* j3+= sin j3 cos* j3» 

O ou / 

From these equations by successive substitutions and 
reductions (see reduction table, p. 88) we derive the 
values of a, i, and c, 

2 1 

a= — o sin iScos j3=— « sin 2j3> 

0= -|^smj3cosj8-j^8mj3cos*j3= - jgg8m2j3-gg^sin4/3, 

38 . ^ ^ . 16 . ^ . ^ 1522 . ^ 
c= -g^sin j3 cos 1^+2835®"^ '^ ^^"2835^"^ '^ '^ 

517 . -.^ 251 . .^ 761 . ^^ 
= -5040 ^"^ 2^""3780 ^"^ ^^"45360 ^^ ®^- 

By substituting these values and rearranging we get, 
as before, the desired approximation 

. 761^ . .. 
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DEVELOPMENT OF v-P IN TERMS OF 0— FOURTH METHOD. 

The difference between the geodetic latitude and the 
authalic latitude can be developed by direct differentia- 
tion. Let us write the approximate equation of definition 
in the form (for the reductions, see table p. 88) 

sm ^=(^i---_-^ sm ^-(^-+_+^ sm 3^ 

+(,80+560/^" 5^-112^"' ^^* 
In this equation let A = e' and it becomes 

sm ^=(^1 -g- 3gg -^021; ^"^ ^-(,6 +I44+2166; ^"^ ^^ 

. /m , 2iA»\ . ^ A' • ^ 

Differentiate this expression, considering «> as a function 
of h or e*, and we obtam in succession 

K, % 41A» 261 A»\ /% , llA" , 79A»\ 

1 -6-360-302?; *^ ^-V2+^8"+T20; '^ ^^ 

+(,16 +TI2; *^ ^^-16 *^ 7^Jd5i- (,6+180 

+T008J^"'*'-(,6+72+720;^"'^^ 
, /3A . 63ft»\ . ^ 3A* . _ - 
+(,40+-560;^"' ^*'-n2 ^"^ ^*'=°' 

^ - 6 - 360 - 3024"; *^ ^ - (,2 + 18" + 720 ; *^ 3^ 

+(,16 + I12; ^'^^ 5*'-16 ''^ ^*'J3P 

K, It, 41A» 251A»\ . /J 

1-6-360-3024;^"^ *'-(,■ 

+ 24ojsm3^+(^^ + ^;j2-jsm5^ 

7A» . _ l/dA' .„r/ 1 4a 25lA»\ 
-jgsm7^J^^j +2|_(^-g-jg-0-j^jcos^ 

/I llA 79A»\ „ ,/3A,63A^\ , 
-(,2 + 24+240; *^ 3^+(,T+ll2; ''^^ ^*' 



'3A n^ 

2+16 



3A» 
— jg-cos 7^ 



"[dv /41 ,251A\ . 

jaA-(,l80+M4:;^'''^ 
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/ll , 79A\ . „ , /3 ^63A\ . _ 3A . _ - 

^ -6~360 ~ 3021; *^ ^-V2+-48-^ 720; *^ 3^ 

+VT6 +T12; *^ S^-16 ^^ 7^J 5F»-10 ~6 

- 360 - 3024 ; ^"^ *"- (,-2 + T6- + 240 j ^"^ ^'^ 
^/15A» 106A»\ . ^ 7A» . ^~\d<pd'<(> 
+ VT6-+ TI2-; «"^ 5^-T6 ^"^ ^"i M W? 

,„r /1 . 4ife . 25ift» \ /I ,ia 

+a"V6"^180+T008;<'*« ^-(,2+ 24 ■ 
, 71A'\ , /U, 63h»\ . 3A» _ T <i»^ 
+ 2io; *^ 3^+V^+ll2;<^ ^^-T6 *^^*'J3A» 

K, Ti 41A» 251A»\ /9A . 33A» 

^-6-360-3024;*^ ^-(,T+T6- 



^71A»\ „ . /75fe» , 525fe» \ 

+ -gQ-^ COB 3^+(^-ig-+-ii2-; «» 5^ 

49A» - 1/dA* of /I ,4tlh ,25W\ . 

-T6-*^Hw -^["Ve+iso+Toosr"^" 

-(,2+ T-+-80-; «»" 3^+(,-8-+^i2-; «•" ^^ 

-16- ""^Hw +l-(i8o+Mr;'^*' 

-(21+120; *^ 3^^8+56; *^ ^^ 

3h ^ Idv 261 . 79 . - 

--g- cos 7^J 3^-504 sin ^-ggQ sin 3„ 

* 

Denoting by brackets the value of the derivatives for 
A = 0, and remembering that all fimctions of <p become 
functions of j3 for A = 0, we obtain by successive substitu- 
tions and reductions (for the reductions see the reduction 
table, p. 88). 
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2P J = 45 sin /3 cos j8 + ^ sin j8 cos' /3 = QQ sin 2j8 + jgQ sin 4/3, 

517 . „a^251 . ' . , 761 . .- 
= 840 ^"^ 20+630 ""^ ^^+7560 '"^ ^^- 



By Maclaurin's theorem, we have 



*>- [*>]+fj[gf]+f-,[3^]+|j[^] 



+ 



• • • • • 



X 



By substituting the above values in this series and rear- 
ranging we obtain, as before, the approximation 

^-^ = V3+l80 + 5040; "^^ 2^+V366 + 3780; "^ ^^ 

. 76l6« . 
+45360 ^"^ ^^• 

DEVELOPMENT OF ^p^fi IN TERMS OF /3— FIFTH METHOD. 

By Lagrange's theorem <p—P can be expressed in terms 
of /3 directly from the equation of definition. Let us take 
the equation in the form 

= y + VT'^l5"'^"945r>"'^^^^^~VT"^l5">"'^^^^ 

46* 

+-=- sin ^ cos* <p, 

in which a;=sin ^ and i/=sin j8. 

The series in 6^ is a ninction of x through the f imctional 
relation between <p and x. We could substitute for the 
fimctions of <p their values in terms of x, but this is not 
necessary. 

We wish to develop the function sin""*x in terms of 1/ or in 
terms of j3 through tne functional relation between y and j3. 
Since the series m 6^ is a small quantity, Lagrange s series 
may be expressed in general terms in the form 

f(x)^fiy)+Yig(y)f(y)+^^^ {\g(y)?f(y)} 
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in which / (x) represents the function of x to be developed, 
and g (y) represents the series in ^ with ^ replaced by jJ. 
The prime denotes differentiation with respect to y. 
But 



/(t/)=sin-^t/, 

/' (t/) = rj 5v-;= 5=SeC jS. 

Retaining all powers of e up to the sixth, inclusive, we get 

+ -=r sin i3 cos' P, 

/ ^ ^/ / ^ /2€^ . 346* 766€«\ . ^ 
9(y)f (y) =V,"3"'^"45"'^"945"7 ®^^ /^ cos ^ 

— ( -^+-oK- ) sm P cos' iS+-^ sm jS cos^ /3, 






li7(y)P=( 

Ii7(y)P=|ysin'i8cos«j3, 

[flr(y)?/(i/)=|^'sin'i8cos«i3. 

To differentiate these expressions with respect to y, we 
merely differentiate with respect to P and multiply by ^• 

But p=f (y) ; so that ^=/ (y) =sec p. 

For successive differentiations we differentiate with 
respect to P and multiply by sec j3, then differentiate again 
with respect to p and multiply again by sec /3, and so on 
for the remaining differentiations. 
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With this understanding, we get 
4 {[!7(!/)?/(!/)}-(^+^)8in/3co8«^ 

— I -s- + -je- ) Sin* /3 cos /S — ^ sm|3 cos* /3+4«*8in'' /3cos'/3 

/4«* , 136^\ . . . , /20«« , 244^\ . . ,. 
= — ( -3 +-45- ) sin fi *'^^'*'l~9' ~27~/ ®™ i^cos i3 



f- sin /3 cos* j9, 

^ {Ifl'(v)r/ (y)} =^ sin /5 cos' /5-^ sin» iS cos» |8 

H — q- sin* /5 cos jS 

40^ . „ „ 520«» . - ,- 
=-q- Sin /5 cos /3 — sy" sin j9 cos* /3 

^448«» . - . _ 
H — 27~ Sin /3cos* /3. 

Substituting these values in the Lagrange series above, 
we get the approximation 

^^/2^ ,34e*^766^\ . . . /3«* , 46^\ . . .. 

1.4^ . ^ 5 » /2e* , 68«»\ . . - , /10«« 
+ -=- sin /5 cos' /9-( -^+-^ Ism /5 cos /3+( -g" 

+ -~=- ) sm /9 cos' j9 — =- sm /5cos' i3+-2=r sm /3 cos |3 

260^ . _ , a , 224«» . - . - 
— qt— sm /3 cos* /3+ -g^ sm /3 cos' /3. 

By collecting similar terms, this becomes 

- , /2^^4««^38^\ . „ fl^/23«« 16€*\ . „ ,^ 
^=^+(^-3- + 43 + 945Jsm/5cos/5+(^^ -ggg^jsm^cos*^ 

.1522^ . - ,. 
+ 2835- sm|3 cos' /5. 

On reduction by the table on page 88 and after rearrange- 
ment this becomes, as before, the desired approximation 

«'-^=(,3 + l80+6040;^"^ 2^+V360+3780>"^ *^ 

. 761^ . .- 

+4$3$Q ^"^ ^^' 
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DEVELOPMENT OF ^-/3 IN TERMS OF ^-SIXTH METHOD. 

The difference between 'the geodetic latitude and the 
authalic latitude can be developed in terms of the authalic 
latitude bv Arbogast's rule. (See p. 28.) We may 
define the function to be developed in the form 

^=8in"M sin j3+t7 « sin ^ cos^ ^ 

_^h'/U . 2.6.3 , \ 

5TV 4^ sm (p cos' ^+ ^ sm' ^ cos* ^ ) 

^AY128 . 3 . 36 . 3 ■ 

m315 ®^ ^ ^35 ^ ^ 

+y sin^ ^ cos* ^ W U-4.0+-4.1 j-j 

^^*2!^^»3! 



The A^B are defined as before 

A^^^a^P (ao)+a2/* (ao), 

etc. 
In this function we have 

aQ=8in p, 



dp 



=cos P, 



or 
dan 



'sec /3, 






dp 



p (tto) =sec i3 tan p 3r"=8ec* j8 tan P, 

/» (ao) = (2 sec* p tan* j3+sec* /3) ^ 
==2seo»/3tan*/3+seQ«'/3, 
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2 . 



3 



tti — Q sin ip COB-* <Pj 



aa= T^ s^^ ^ ^^^' ^"^K s^* ^ ^^^* ^1 

128 . , .36 . , , ^24 . , 

a,=oT5 si^ ^ ^50s' ^"^35 ®^ ^ ^'^ ^+"7" sin* <p cob* ^. 

With these values of the a's and the above values of the 
derivatives of / (ao) we could compute the vidues of the 
A's, but if we should do so at this stage we should have 
a combination of functions of ^ and ^ in the develop- 
ment. To obviate this difficulty we must obtain approxi- 
mations for the a's in terms of fimctions of j8 and powers 
of fe. The expression for a^ must include all first and 
second powers of % and the expression for a, must iaclude 
all first powers of A. In a^ we need only to replace ^ by jS 
in the given expression. 

From the definition of the function to be expanded we 
see that the approximation to the first power of li for 
sin ^ is given by the expression 

2 

sin ^=sin j8+^ A sin /3 cos' j9. 

Substituting this value for sin ip in the expression for 
sin ip and retaining all second powers of \ as well as the 
first powers, we get 

2 . 4 

sin ^=sin j3+« A sin j8 cos' /5— ^ A' sin* j8 cos' j3 

4 7 

+ g A' sin j3 cos' i3+Tg A' sin j3 cos' j3 

+ 1 A' sin* j3 cos' /S, 

or 

2 3 

sin ^=sin j8+^ % sin /3 cos' i8+ v A' sin j9 cos' /3 

— Yk ^ ^^ P ^^^ P' 

17118»— 21- 
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Substdtuting this approximation in the expressions for{ 
the a^s, we get, to the required degree of exactness, 



a^ 



2/ 2 

= ^(8111 P c<»' i^+3 A sin /9 cos* p-2h sin* /S cos' /3 

3 58 

+v A' sin p COB* ^""15 ^* ™^* '^ ^^^* ^ 

+j|A'sin«'/9co8* A 



14 . 



6 . 



28 



<*2 = TE si^ /5 COS* j3+^ sin* /S cos* P+r^g^ A sin /S cos* /3 



45 



135 



16 



+ -^ A sin* P cos* ^— 4A sin* j3 cos* P, 

ds^oT^ sin j3 cos* P-^OR sin* j9 cos* i3+ y- sin* j3 cos* /3. 

With these approximations, the approximations for 
the A's become (for the reductions see table p. 88) 

Ao=P, 

2/ . 2 

-4.1= o( sin P cos j8+^ Asin jS cos j3— 2Asin* /Scos j3 

3 58 

+ F A* sin /3 cos P—T^ A* sin* /3 cos P 
o Id 

53 . \ 

+ TV A'^ sin* j3 cos P \ 

il3 = g(sin* /3cos j8+o A'Sin* j3 cos j8— 4Asin* j3 cos p\ 

14 . 6 128 

4'Tgsin j3cos j3H-g sin* /5cos I^+oTk Asin j3co8/3 

+-Q- A sin* P cos j3~4A sin* P cos j3 

14 74 28 

"j^ sin j9 cos i^+Tg sin* j3 cos i5+ Jqk A sin /S cos /3 

+27 ^ sin* j8 cos /3— g- A sin* /3 cos j9, 
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Q 

A,=^ sin* /3 COS* P (2 sec* /S tan* j8+sec* ff) • 

+ (^11 sin* /S cos* /S+y sin* /S cos* jS^ sec* /S tan /S 

+^Yk sin i9 cos P-^oK ^^^ P <^^ j3+-=- sin* j8 cos jS 
»«27 sin* i9 cos i^+^y sin' P cos /5+Ti sin* j3 cos j9 
+-«- sin* i9 cos P-^^T^ sin i^ cos i3+«g sin* j8 cos j3 

+ -=-sin* j3cos j3 

128 . ^ o_i_368 . , ^ a 

=^ sm /3 cos j8+ jg^ sin* /9 cos 

^6068 . . ^ ^ 
045 ® ^^^ ^* 

Substituting these values in the development, we get 
the approximation 

^=j3+— ^sin jScos p-h^ A sin j3 cos j8— 2Asin* jScos /S 
+^ A* sin j3 cos P-fr A^ sin* P cos P 
+g A* sm* /3 cos 13 )+|( j| sin /3 cos /9 
+ 2k sin* P cos 13+ Toe ^ sin P cos j3 

+27 ^ sin* /5 cos j3 — 5- ^ sin* j3 cos Pj 

,A*/128 . ^ ,,.368 .3^ ^ 
"** 6"v3l5 sm j8 cos j8+ jgg sm* /5 cos /9 



■{ 



6068 . . ^ >.\ 
g^ sm* j8 cos pj. 



Rearran^g in powers of h and replacing A by €* we get 
the approxmiation 

2^ /3 23 \ 

9-/3+ -o" sin jS cos j8+W ^ sin j8 cos /^-jg sin* j8 cos /5 1 

. y* • ^ x> 3028 . 3 ^ ^ 
+^y sm j8 cos 18-2335 sm* p cob p 
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Making t}^ reductions by aid of the table on page 88 
and rearranging; we obtain, as before, the desired approxi- 
mation 

^-^==(,3 "^180 -^5040; ^"^ 2^^ V360 "^3780; ^"^ ^^ 

■^ 45360 ^'''®^- 
TABULATION OF ALL THE DEVELOPMBNTS. 

For convenience of reference we shall now list all of the 
deyelopments in a general table. 



e» 



«»=2^ 



m* . . . m' 



^— ^=sm sin 2<p — ^ sin 4^+-«- sin 6^— • • • • 



m? . - . . m' 



^— ^=m8in 2^+-H- sin 4^+-o- sin 6^+ • ••• 
1-(1-€2)H 



71' 



l + d-C^)^ 



n^ . . .71* 



^—^=71 sin 2^— Y sin 4^+2* sin 6<^— • • • 



71^ . -^ . 71^ 



^— ^=nsin2^+-2- sin 4^+0- sin 6^+*. •• 



71* . .^ . 71^ 



^— ^=n sin 2^—0" si^ ^'*' T ^^ 



6d 



71^ . ... 71* 



^—^=71 sin 2^+^ sin 4^-1-5- sin 6^+**-» 



/€^ . 5€* . 3€^ . 281^ . \ . ^ 

^-X-(^2"^24'^32'^5760^*--7^^^^ 

-V48^80 + lT520+---V^^^+V 



13f 461£ 
480 ■*■ 13440 



• • • • 



\ . . / 1237e' . \ . o . 

I sin By— I ifiioan ''" • •• • I sm 8 <»+•... 



tATTTCDE DEVELOPMENTS. 85 



Vis ■^240'^ ll520'^ • • • • >"'^''+ V 
•I sin 6x 
, /4279«»^ \ • o . 



• • • • 



«'-^*=(3 + T80+560+ ••••>"' 2^-i360 
*'-^='(3"^ 180 + 5040+ ••• -r"^ 2^+(360 



• • • • 



■^3780"^ 



If the various diflferences of latitude were computed as 
they are here given, the results would be expressed in 
radians. It is most convenient to have them expressed in 
seconds of arc; the results would therefore have to be 
divided by the arc of one second or by the sine of one 
second, since the arc and sine of one second are much more 
nearly equal than the approximation requires. In prac- 
tice it is better to divide each of the coefficients in the 
above developments by the sine of one second, since in this 
manner we may transform from radians to seconds of arc 
by one operation. The various coefficients will then be 
expressed in seconds and the result of any computation 
will be in seconds of arc. 

DETERMINATION OF THE NUMERICAL VALUE OF THE 
COEFnCIENTS IN THE DEVELOPMENTS FOR THE CLARKE 
SPHEROID OF 1866. 

For computation purposes it is necessary to have the 
coefficients in these developments expressed as numbers 
or as logarithms. 

The mvision of each of the coefficients by sin 1" is in- 
dicated in the first development given below, and the same 
Srocess must be applied m the case of each of the other 
evelopments. 
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We assume ^ as defined by 



hence 



log€» = 7.83050257 -10; 



€» = 0.006768658 



m' 



2-€= 



log m= 7.53094486 -10. 
If ^~\^ is to be expressed in seconds, we get 



. . . • 



or, 



^ - ^ = 700f4385 sin 2^ - If 1893 sin 4^ + 0.^0027 sin 6v>, 

or in terms of logarithms 

^-^ = [2.8453700] sm 2^ -[0.075285] sm 4^ 

+ [7.430- 10] sm6v>. 

Also 

^-^ = 700^4385 sin 2^ -f- 1^1893 sin 4^+0^0027 sm 6^ 

and 

^-^ = [2.8453700] sin 2^ + [0.075285] sin 4^ 

+ [7.430-10] sin 6^. 

Furthermore 



l-(l-c2)H f . €^. 5^. ^. 
^"l + (l-€»)^'4'^8'^64'*"l28"^ 



• • . . 



log 71 -7.22991610 -10, 

^-^«350f2202 sin 2^-052973 sin 4^+0f0003 sm 6^, 



^-^-[2.5443412 

+ 



sin 2ip - [9.47323 - 10] sin 4^ 
6.527 - 10] sin 6^. 
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Also 

^_^ = 350f2202 sin 2^H-0f2973 sin 4^ + Of 0003 sin 6^, 

^-^=,[2.5443412] sin 2^ + [9.47323 -10] sin 40 

+ [6.527-10] sin 6^. 

In a similar manner we have 

0-^ = 35Of22O2 sin 2^-0?2973 sin 4^ + 0.^0003 sin 6^, 

0-^ = [2.5443412] sin 2^ -[9.47323 -10] sin 40 

+ [6.527-10] sin 6^, 
and 

^-^ = 350f2202 sin*2^ + 0?2973 sin 4^ + Of 0003 sin 6^, 

0-.^ = [2.5443412] sin 2^ + [9.47323 -10] sin 4^ 

+ [6.527-10] sin 6^, 

^-X = 700?0427 sin 2^-0.^9900 sin 4^ + 0f0017 sin 6^, 

^-X = [2.84512455] sin 2(^- [9.99563- 10] sin 4<p 

+ [7.238-10] sin 6ip, 

^_X = 700.^0420 sin 2x+ lf3859 sin 4x + 0f0037 sin 6x, 

^-X = [2.84512413] sin 2x + [0.141726] sin 4x 

+ [7.572-10] sin 6x, 

^ - ^ = 467?0129 sin 2<p - 0f4494 sin 4<p + 0f0005 sin 6^, 

^-i8 = [2.6693289] sin 2^ -[9.65258- 10] sin 4<p 

+ [6.732-10] sin 6^, * 
and 

^-^ = 467f0127 sin 2/8 + Of 6080 sin 4/8 + OfOOll sin 6j8, 

^-/5 = [2.6693287] sin 2j8 + [9.78390- 10] sin 4/8 

+ [7.031 -10] sin 6/8. 

The radius of the sphere equivalent in area to the 
ellipsoid of revolution is defined oy the formula 

^6 360 3024 J' 

in which a is the equatorial radius of the eUipsoid. 
For the Clarke ellipsoid of 1866 

log B = 6.80420742 

5 = 6370997.2 meters. 
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By using the authalic latitudes and this value of J?, the 
spheroid can be treated as a sphere in all questions of 
equivalent or equal-area mapping. 

The appended tables of tne various latitude differences 
are computed for the Clarke spheroid of 1866. Inter- 
polation could be made with the table by the considera- 
tion of second differences to a degree of accuracy sufficient 
for ordinary purposes. The ^fferenoes are given in 
thousandths oi a second in order that the differences 
between adjacent values may be better preserved. The 
table of transformation to isometric latitude is given in a 
form somewhat different from the others. The isometric 
colatitude is given and in another column this value 
divided by two. This is done because in the most 
important applications of this latitude it is most convenient 
to use the semicolatitude. The table thus gives at once 
the value that is needed for use. 

REDUCTION TABLE. 

sin^ fit = o ( ^ — ^^ 2^) 

sin' a==-T (3 sin a — sin 3a) 

sin*a=^ (3 — 4 cos 2aH-cos 4a) 

sin^ a^TE (10 sin a — 5 sin 3aH-sin 5a) 
16 

sin'a=^ (10—15 cos 2aH-6 cos 4a — cos 6a) 
sin^a=^ (35 sin a — 21 sin 3a + 7 sin 5a — sin 7a) 
cos^a = rt(l+cos 2a) 



cos' =»-j (3 cos a + cos 3a) 



cos*a — « (3 + 4 cos 2a + cos 4a) 
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co8*a=*Yfi (1^ ^^^ a + 5 cos 3aH-cos 5a) 
cos*a«xH (10 + 15 cos 2a + 6 cos 4a + cos 6a) 

co8^a=^ (35 cos a + 21 cos 3a + 7 cos 5a+cos 7a) 

sin 2a — 2 sin a cos a, 

sin 3a = 4 sin a cos^ a — sin a, 

sin 4a = 8 sin a cos* a — 4 sin a cos a, 

sin 5a = 16 sin a cos* a— 12 sin a cos' a+sin a, 

sin 6a=32 sin a cos* a— 32 sin a cos* a + 6 sin a cos a, 

sin 7a = 64 sin a cos* a — 80 sin a cos* a-H24 sin a cos* a 
— sin a, 

sin 8a = 128 sin a coa? a — 192 sin a cos* a + 80 sin a cos* a 
+ 8 sin a cos a, 

ooB 2a = 2 cos* a— 1, 

COB 3a=4 cos* a— 3 oos a, 

cos 4a = 8 cos* a — 8 cos* a + 1, 

cos 5a=» 16 cos* a — 20 cos* a + 5 oos a, 

cos 6a = 32 cos* a — 48 cos* a+18 cos* a — 1, 

COB 7a = 64 oos^ a— 112 cos* a + 56 cos* a — 7 cos a, 

COB 8a- 128 cos* a-256 oos* a+160 cos* a-32 cos* a+1, 

sin a cos & = « [sin (a + &)+sin (a— &)], a>&, 
siQ a cos &=H [sin (& + a)— sin (& — a)], h>a, 
006 a cos 6«o [cos (a— &)+oos (a+&)], 
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sin a sin & = « [cos (a — &) —cos (a + 6)], 



, a sm a 1 — oos a 

tan rt =» rr—, = — J 1 

2 1 + oos a sm a 

tan H sin <3^*= 1 —cos a, 

sec* H sin* a=2 (1— cos a), 

sin a+sin & = 2 sin rt (fl^ + &) coshCc^ — 6)i 

sin a — sin & = 2 sin « (^— W cos ^ (ct + &), 

cos d + oos &=*2 cos 2 (ct + ft) cos 2 (^ — ft), 

oos a — oos &= —2 sin h (ct+W sin h (c^ — 6)i 

sm a cos fl^«*o ^^^ ^a, 

1 . 1 

sin a cos* a« j sm an- -sin 3a, 

sin a cos* a«T sin 2a+F sin 4a, 

4 8 ' 

1 . 3 . 1 . 

sin a cos* a=o sin a+Ts sin 3a+7^ sin 5a, 

8 16 16 ' 

sin a cos^ ^'"oo ^^ ^^"^8 ^^^ 4a+o2 sin 6a, 

5 9 5 1 

sin a cos* ^"^ sin ^+^7 sin 3a+^ sin 5a+^ sin 7a, 

7 7 3 1 

sin a cos^ ^"54 ^^ ^^"^64 ®^ ^^"^64 ®^ ^"^128 ®"^ ^'^^ 
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U. S. COAST AND GEODETIO SUKVET. 



LATITUBB TRANSFORMATION-Omtinued. 

Geocentric to geodetic — Continued. 
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LATirUDB TRANSFORMATION— Omtinued. 

Geodetic to paranutrie. 
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U. 8. OOAST AKD GEODETIC SURVET. 



LATrrUDE TRANSFORMATION-<:ontiniied. 

Geodetic to parametric — Continued. 
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74 


25 


69.36 


52 30 


5 38.435 


52 


24 


21.56 


75 


00 


2 


55.368 


74 


57 


04.63 


53 00 


5 36.811 


52 


54 


23.19 


75 


30 


2 


50.042 


75 


27 


09.96 


53 30 


5 35.083 


53 


24 


24.92 


76 


00 


2 


44.665 


75 


67 


16.34 


54 00 


5 33.254 


53 


54 


26.75 


76 


30 


2 


39.237 


76 


27 


20.76 


54 30 


5 31.322 


54 


24 


28.68 


77 


00 


2 


33.761 


76 


57 


26.24 


55 00 


5 29.290 


54 


54 


30.71 


77 


30 


2 


28.238 


77 


27 


81.76 


55 30 


5 27.158 


55 


24 


32.84 


78 


00 


2 


22.669 


77 


67 


37.33 


56 00 


5 24.925 


55 


54 


35.08 


78 


30 


2 


17.056 


78 


27 


42.94 


56 30 


5 22.593 


56 


24 


37.41 


79 


00 


2 


11.402 


78 


57 


48.60 


57 00 


5 20l163 


56 


54 


39.84 


79 


30 


2 


05.707 


79 


27 


64.29 


57 30 


5 17.635 


57 


24 


42.36 


80 


00 




59.974 


79 


58 


00.03 


58 00 


5 15.010 


57 


54 


44.99 


80 


30 




54.204 


80 


28 


05.80 


58 30 


5 12.289 


58 


24 


47.71 


81 


00 




48.399 


80 


58 


11.60 


59 00 


5 09 473 


58 


54 


50.53 


81 


30 




42.561 


81 


28 


17.44 


59 30 


5 06.562 


59 


24 


53.44 


82 


00 




36.602 


81 


58 


23.81 


60 00 


5 03.557 


59 


54 


56.44 


82 


30 




30.792 


82 


28 


29.21 


60 30 


5 00.460 


60 


24 


59.54 


83 


00 




24.866 


82 


58 


35.18 


61 00 


4 57.271 


60 


55 


02.73 


83 


30 




18.913 


83 


28 


41.09 


61 30 


4 53.991 


61 


25 


06.01 


84 


00 




12.936 


83 


58 


47.06 


62 00 


4 50.622 


61 


55 


09.38 


84 


30 




06.937 


84 


28 


53.06 


62 30 


4 47.163 


62 


25 


12.84 


85 


00 


1 


00.917 


84 


58 


60.06 


63 00 


4 43.617 


62 


55 


16.38 


85 


30 





54.878 


85 


29 


05.12 


63 30 


4 39.984 


68 


25 


20.02 


86 


00 





48.823 


85 


50 


11.18 


64 00 


4 36.266 


63 


55 


23.73 


86 


30 





42.753 


86 


29 


17.25 


64 30 


4 32.463 


64 


25 


27.54 


87 


00 





36.670 


86 


59 


28.88 


65 00 


4 28.677 


64 


55 


31.42 


87 


30 





30.575 


87 


29 


20.42 


65 80 


4 24.609 


65 


25 


35.89 


88 


00 





24.472 


87 


50 


35. 6S 


66 00 


4 20.560 


65 


55 


39.44 


88 


30 





18.360 


88 


29 


41.64 


66 30 


4 16.432 


66 


25 


43.57 


89 


00 





12.243 


88 


60 


47.76 


67 00 


4 12.225 


66 


55 


47.78 


89 


30 





06.128 


89 


29 


68.88 


67 30 


4 07.941 


67 


25 


52.06 


90 


00 





00.000 


90 


00 


00.00 



«>~^ +36052202 sin 2^-Of 2978 sin 4^+050003 sin 6«». 

f»~^ [2.6443414 sin 3^-19.47838-10) sin 4^+[6.637-10) sin 0^. 
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LATrnn>£ TRANSPORHATION-Omtinised. 

Parametric to geodetic. 



Para- 

metrio 

latitude. 


Oeodetlo 

minus 

parametric. 


Geodetic 
latitude. 


Para- 
metric 
latitude. 


Qeodetio 

minus 

parametric. 


Geodetic 
latitude. 


e 




1,-e 




* 


} 


( 


? 




^—9 




* 


» 


O f 


/ 


n 


o 


1 


It 





1 


# 


It 


• 


1 


II 


00 





00.000 





00 


00.00 


22 


30 




07.941 


22 


34 


07.94 


30 





06.123 





30 


06.12 


23 


00 




12.225 


23 


04 


12.22 


1 00 





12.243 


1 


00 


12.24 


23 


30 




16.432 


23 


34 


16.43 


1 30 





18.360 


1 


30 


18.36 


24 


00 




20.560 


24 


04 


20.56 


2 00 





24.472 


2 


00 


24.47 


24 


30 




24.609 


24 


34 


24.61 


2 30 


a 


30.576 


2 


30 


30.58 


25 


00 




28.577 


25 


04 


28.58 


3 00 





36.670 


3 


00 


36.67 


25 


30 




32.463 


25 


34 


32.46 


3 30 





42.753 


3 


30 


42.75 


26 


00 




36.266 


26 


04 


86.27 


4 00 





48.823 


4 


00 


48.82 


26 


30 




39.984 


26 


34 


89.98 


4 30 





54.878 


4 


30 


54.88 


27 


00 




43.617 


27 


04 


43.62 


5 00 




00.917 


5 


01 


00.92 


27 


30 




47.168 


27 


34 


47.16 


5 30 




06.937 


5 


31 


06.94 


28 


00 




50.622 


28 


04 


50.62 


6 00 




12.936 


6 


01 


12.94 


28 


30 




53.991 


28 


34 


53.99 


6 30 




18.913 


6 


31 


18.91 


29 


00 




57.271 


29 


04 


^,77 


7 00 




24.866 


7 


01 


24.87 


29 


30 


5 


00.460 


29 


85 


00.46 


7 30 




30.792 


7 


31 


30.79 


30 


00 


5 


03.557 


30 


05 


03.56 


8 00 




36.602 


8 


01 


36.69 


30 


30 


5 


06.562 


30 


35 


06.56 


8 30 




42.561 


8 


31 


42.56 


31 


00 


5 


09.478 


31 


05 


09.47 


9 00 




48.399 


9 


01 


48.40 


31 


30 


5 


12.289 


31 


35 


12.29 


9 30 




54.204 


9 


31 


54.20 


32 


00 


5 


15.010 


32 


05 


16.01 


10 00 


1 


50.974 


10 


01 


59.97 


32 


30 


5 


17.685 


32 


35 


17.64 


10 30 


2 


05.707 


10 


32 


05.71 


33 


00 


5 


20.163 


33 


05 


20.16 


11 00 


2 


11.402 


11 


02 


11.40 


33 


30 


5 


22.598 


33 


35 


22.59 


11 30 


2 


17.056 


11 


32 


17.06 


34 


00 


5 


24.925 


34 


06 


24.92 


12 00 


2 


22.669 


12 


02 


22.67 


34 


30 


5 


27.158 


34 


35 


27.16 


12 30 


2 


28.238 


12 


32 


28.24 


35 


00 


5 


29.200 


35 


05 


29.29 


13 00 


2 


33.761 


13 


02 


33.76 


35 


30 


5 


31.322 


35 


85 


31.32 


13 30 


2 


39.237 


13 


32 


39.24 


36 


00 


5 


33.254 


36 


05 


33.25 


14 00 


2 


44.665 


14 


02 


44.66 


36 


30 


5 


35.083 


36 


35 


35.08 


14 30 


2 


50.042 


14 


32 


50.04 


37 


00 


5 


36.811 


37 


06 


36.81 


15 00 


2 


55.368 


15 


02 


55.37 


37 


30 


5 


38.435 


37 


35 


38.44 


15 30 


3 


00.640 


15 


33 


00.64 


38 


00 


5 


39.957 


38 


05 


39.96 


16 00 


3 


05.856 


16 


03 


05.80 


38 


30 


5 


41.374 


38 


35 


41.37 


16 30 


3 


11.016 


16 


33 


11.02 


39 


00 


5 


42.688 


39 


05 


42.69 


17 00 


3 


16.117 


17 


03 


16.12 


39 


30 


5 


43.897 


39 


35 


43.90 


17 30 


3 


21.158 


17 


33 


21.16 


40 


00 


5 


45.001 


40 


06 


45.00 


18 00 


3 


26.137 


18 


03 


26.14 


40 


30 


5 


46.000 


40 


35 


46.00 


18 30 


3 


31.054 


18 


33 


31.05 


41 


00 


5 


46.894 


41 


05 


46.89 


19 00 


3 


35.906 


19 


03 


35.91 


41 


30 


5 


47.681 


41 


35 


47.68 


19 30 


3 


40.092 


19 


33 


40.69 


42 


00 


5 


48.363 


42 


05 


48.36 


20 00 


3 


45.410 


20 


03 


45.41 


42 


30 


5 


48.939 


42 


35 


48.94 


20 30 


3 


50.060 


20 


33 


50.06 


43 


00 


5 


49.408 


43 


05 


49.41 


21 00 


3 


54.639 


21 


03 


54.64 


48 


30 


5 


49.771 


43 


35 


49.77 


21 30 


3 


59.146 


21 


33 


59.15 


44 


00 


5 


50.027 


44 


05 


50.03 


22 00 


4 


03.581 


22 


04 


03.58 


44 


30 


5 


50.177 


44 


35 


50.18 


22 80- 


4 


07.941 


22 


34 


07.94 


45 


00 


5 


50.220 


45 


05 


60.22 



«-«-+350f 2202 sin 29 + 0^2973 sin 49+Of 0003 sin 60. 

^-^ [2.5443412] sin 2 9+(9.47323-10] sin 4 9+(6.527-10] sin 6 9, 
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U. S. OOAST AND GEODETIC SXTBYEY. 



LATTTUDB TRANSPORHATION-Omtiiiiied. 

Parametnc to geodetic — Continued. 



Para- 
metrio 
latitude. 


Oeodetic 

minus 

parametric. 


Oeodetic 
latitude. 


Para- 
metric 
latitude. 


Oeodetic 
minus 


Geodetic 
latitade. 


$ 


i^— 9 




9 




$ 


^-tf 




* 


\ 


O f 


1 II 





1 


II 


e 


/ 


f It 


o 


/ 


It 


45 00 


5 50.220 


45 


05 


50.22 


67 


30 


4 07.346 


67 


34 


07.35 


45 30 


5 50.156 


45 


35 


50.16 


68 


00 


4 02.987 


68 


04 


02.99 


46 00 


5 49.986 


46 


05 


49.99 


68 


30 


3 68.553 


68 


33 


58.55 


46 30 


5 49.709 


46 


35 


49.71 


69 


00 


3 54.048 


69 


03 


54.06 


47 00 


5 49.325 


47 


05 


49.33 


69 


30 


3 49.471 


69 


33 


40.47 


47 30 


5 48!836 


47 


35 


48.84 


70 


00 


3 44.825 


70 


03 


44.82 


48 00 


5 48.240 


48 


05 


48.24 


70 


30 


3 40.110 


70 


33 


40.11 


48 30 


5 47.538 


48 


35 


47.54 


71 


00 


3 35.329 


71 


03 


35.33 


49 00 


5 46.730 


49 


05 


46.73 


71 


30 


3 30 482 


71 


33 


3a 4S 


49 30 


5 45.816 


49 


35 


45.82 


72 


00 


3 25.572 


72 


03 


25.57 


50 00 


5 44.798 


50 


05 


44.80 


72 


30 


3 20.509 


72 


33 


20.60 


50 30 


5 43.674 


50 


35 


43.67 


73 


00 


3 15.565 


73 


03 


15.57 


51 00 


5 42.446 


51 


05 


42.45 


73 


30 


3 10.472 


73 


33 


ia47 


51 30 


5 41.114 


51 


35 


41.11 


74 


00 


3 05.321 


74 


03 


05.33 


52 00 


5 39.677 


52 


05 


39.68 


74 


30 


3 00.114 


74 


33 


00. U 


52 30 


5 38.138 


52 


35 


38.14 


75 


00 


2 54.863 


75 


02 


54.85 


53 00 


5 36.496 


53 


05 


36.50 


75 


30 


2 49.538 


75 


32 


40.54 


53 30 


5 34.751 


53 


35 


34.75 


76 


00 


2 44.172 


76 


02 


44.17 


54 00 


5 32.904 


54 


05 


32.90 


76 


30 


2 38.756 


76 


32 


38.76 


54 30 


5 30.957 


54 


35 


30.96 


77 


00 


2 33.292 


77 


02 


33.20 


55 00 


5 28.908 


55 


05 


28.91 


77 


30 


2 27.782 


77 


32 


27.78 


55 30 


6 26.760 


55 


35 


26.76 


78 


00 


2 22.227 


78 


02 


23.23 


56 00 


6 24.512 


56 


05 


24.51 


78 


30 


2 16.628 


78 


32 


16.63 


56 30 


5 22.165 


56 


35 


22.16 


79 


00 


2 10.989 


79 


02 


10.99 


57 00 


6 19.721 


57 


05 


19.72 


79 


30 


2 05.309 


79 


32 


05.31 


57 30 


5 17.180 


57 


35 


17.18 


80 


00 


1 59.502 


80 


01 


50.80 


58 00 


6 14.541 


58 


05 


14.54 


80 


30 


1 53.838 


80 


31 


53.84 


58 30 


5 11.808 


58 


35 


11.81 


81 


00 


1 48.060 


81 


01 


48.05 


59 00 


5 08.980 


59 


05 


08.98 


81 


30 


1 42.228 


81 


31 


42.23 


59 30 


5 06.057 


59 


35 


06.06 


82 


00 


1 36.377 


82 


01 


36.38 


60 00 


5 03.042 


60 


05 


03.04 


82 


30 


1 30.406 


82 


31 


3a 50 


60 30 


4 59.935 


60 


34 


59.94 


83 


00 


1 24.587 


83 


01 


24.50 


61 00 


4 56.736 


61 


04 


56.74 


83 


30 


1 18.652 


83 


31 


18.65 


61 30 


4 53.448 


61 


34 


53.45 


84 


00 


1 12.694 


84 


01 


12.60 


62 00 


4 50.070 


62 


04 


50.07 


84 


30 


1 06.714 


84 


31 


06.71 


62 30 


4 46.604 


62 


34 


46.60 


85 


00 


1 00.714 


85 


01 


oa7i 


63 00 


4 43.052 


63 


04 


43.05 


85 


30 


54.605 


85 


30 


54.60 


63 30 


4 39.413 


63 


34 


39.41 


86 


00 


48.659 


86 


00 


48.66 


64 00 


4 35.689 


64 


04 


35.69 


86 


30 


42.609 


86 


30 


43.61 


64 30 


4 31.882 


64 


34 


31.88 


87 


00 


36.546 


87 


00 


8a 55 


65 00 


4 27.992 


65 


04 


27.99 


87 


30 


30.472 


87 


30 


30.47 


65 30 


4 24.020 


65 


34 


24.02 


88 


00 


24.389 


88 


00 


24.38 


66 00 


4 19.969 


66 


04 


19.97 


88 


30 


18.208 


88 


30 


18.30 


66 30 


4 15.838 


66 


34 


15.84 


89 


00 


12.202 


89 


00 


12.20 


67 00 


4 11.630 


67 


04 


11.63 


89 


30 


06.102 


89 


30 


06.10 


67 30 


4 07.346 


67 


34 


07.35 


90 


00 


00.000 


90 


00 


00.00 



«>-d- -|-35Of22O2sln20+Of 2973sin49+oroOO3sin60. 
f-^[2.5443412] sin 2 tf+[9.47333-10] siA 4 0+(6.527-lO] sin 6 9, 
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LATITUDE TRANSFORMATION—Condnued. 

Parametric to geocentric.. 



Para- 
metric 
latitude. 

9 



O 

1 

1 

2 



00 
30 
00 
30 
00 



2 30 

3 00 

3 30 

4 00 

4 30 

6 00 

5 30 

6 00 

6 30 

7 00 

7 30 

8 00 

8 80 

9 00 
9 30 

10 00 

10 30 

11 00 

11 30 

12 00 

12 30 

13 00 

13 30 

14 00 

14 30 

15 00 

15 30 

16 00 

16 30 

17 00 



Parametric 

minus 
geocentric. 

9-^ 



17 


30 


18 


00 


18 


30 


19 


00 


19 


30 


20 


00 


20 


30 


21 


00 


21 


30 


22 


00 


22 


30 















1 
1 
1 
1 
1 

1 
1 
1 
1 
1 

1 

2 
2 
2 
2 

2 
2 
2 
2 
2 

2 
3 
3 
3 
3 

3 
3 
3 
3 
3 

3 
3 
3 
3 
4 



// 

00.000 
06.102 
12.202 
18.298 
24.389 

30.472 
36.546 
42.609 
^.659 
54.695 

00.714 
06.714 
12.694 
18.652 
24.587 

30.495 
36.377 
42.228 
48.050 
53.838 

59.592 
05.309 
10.989 
16.628 
22.227 

27.782 
33.292 
38.756 
44.172 
49.538 

54.853 
00.114 
05.321 
10.472 
15.565 

20.599 
25.572 
30.482 
35.329 
40.110 

44.825 
49.471 
54.048 
58.553 
02.987 



Geocentric 
latitude. 



4 07.346 






1 
1 



7 
7 



00 
29 
59 
29 
59 



2 29 

2 59 

3 29 

3 59 

4 29 

4 58 

5 28 

5 58 

6 28 
6 58 



28 
58 



8 28 

8 58 

9 28 

9 58 

10 27 

10 57 

11 27 

11 57 

12 27 

12 57 

13 27 

13 57 

14 27 

14 57 

15 26 

15 56 

16 26 

16 56 

17 26 

17 56 

18 26 

18 56 

19 26 

19 56 

20 26 

20 56 

21 26 
21 55 



// 

00.00 
53.90 
47.80 
41.70 
35.61 

29.53 
23.45 
17.39 
11.34 
05.31 

59.29 
53.29 
47.31 
41.35 
35.41 

29.50 
23.62 
17.77 
11.95 
06.16 

00.41 
54.69 
49.01 
43.37 
37.77 

32.22 
26.71 
21.24 
15.83 
10.46 

05.15 
59.89 
54.68 
49.53 
44.43 

39.40 
34.43 
29.52 
24.67 
19.89 

15.18 
10.53 
05.95 
01.45 
57.01 



Para- 
metric 
latitude. 

e 



22 30 

23 00 

23 30 

24 00 

24 30 

25 00 

25 30 

26 00 

26 30 

27 00 

27 30 

28 00 

28 30 

29 00 

29 30 

30 00 

30 30 

31 00 

31 30 

32 00 

32 30 

33 00 

33 80 

34 00 

34 30 

35 00 

35 30 

36 00 
36 30 



22 25 52.65 



Parametric 

minus 
geocentric. 

e~4, 



37 


Ull 

30 


38 


00 


38 


30 


39 


00 


39 


30 


40 


00 


40 


30 


41 


00 


41 


30 


42 


00 


42 


30 


43 


00 


43 


30 


44 


00 


44 


30 


45 


00 



4 

4 
4 
4 
4 

4 
4 
4 

4 

4 

4 
4 
4 

4 

4 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 

5 
5 
5 
5 
5 



It 

07.346 
11.630 
15.838 
19.969 
24.020 

27.992 
31.882 
35.689 
39.413 
43.052 

46.604 
50.070 
53.448 
56.736 
59.935 

03.042 
06.067 
08.980 
11.808 
14.541 

17.180 
19.721 
22.165 
24.512 
26.760 

28.908 
30.957 
32.904 
34.751 
36.496 

38.138 
39.677 
41. 114 
42.446 
43.674 

44.798 
45.816 
46.730 
47.538 
48.240 

48.886 
49.325 
49.709 
49.986 
50.156 



Geocentric 
latitude. 



5 50.220 



22 25 

22 55 

23 25 

23 55 

24 25 

24 55 

25 25 

25 55 

26 25 

26 55 

27 25 

27 55 

28 25 

28 55 

29 25 

29 54 

30 24 
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31 24 

31 54 

32 24 
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17.55 
16.33 

15.20 
14.18 
13.27 
12.46 
11.76 

11.16 
10.67 
10.29 
10.01 
09.84 



44 54 09.78 



tf-^«+3S0.»2202 sin 2 fi-0r2973 sin 4 tf-h0f0003 sin 6 B. 
^-.^-p.5443412J sin 2 ^-[9.47323-10) sin 4 9+ [6.627-10) sin 6 ^, 
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IT. 8. CX>A8T AND GEODETIC SUBVET. 



LATITUDE TRANSFORMATION— Contmued. 

Parrnnetrie to geocerUnc — Continued. 
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tf.^» +350*2202 sin 2 9~0f 2973 sin 4 0+OfOOO3 sin 6 0. 
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LATTTUDB TRANSFORMATION-Omtinued. 

Geocentric to parametric. 
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0-.^. +35052022 sin 2^+Of 2973 sin 4^+Of 0003 sin 6^. 
«-^-I2.5443412]sin 2^+[9.47323-10]sin 4^+[6.527-10]sin 6^. 
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V. 6. COAST AND GEODETIO StTKVET. 



LATITUDE TRANSFORMATION— Continiied. 

Geocentric to parametric — Continued. 
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LATITUDE TRANSFORMATION— Continued. 

Geodetic to isometric. 
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00 


78 00 


12 


30 


77 30 


13 


00 


77 00 


13 


30 


76 30 


14 


00 


76 00 


14 


30 


76 30 


15 


00 


75 00 


15 


30 


74 30 


16 


00 


74 00 


16 


80 


73 30 


17 


00 


73 00 


17 


80 


72 30 


18 


00 


72 00 


18 


30 


71 30 


19 


00 


71 00 


19 


30 


70 30 


20 


00 


70 00 


20 


30 


69 30 


21 


00 


69 00 


21 


30 


68 30 


22 


00 


68 00 


22 


30 


67 30 



Oeodetic 

minus 

isometric. 









1 
1 
1 
1 
1 

2 
2 
2 
2 
2 

3 
3 
3 
3 
3 

3 
4 
4 
4 
4 

4 
5 
5 
5 
5 

5 
5 
6 
6 
6 

6 
6 
7 
7 
7 

7 
7 
7 
7 
8 
8 



// 

00.000 
12.183 
24.362 
36.534 
48.605 

00.841 
12.969 
25.075 
37.155 
49.206 

01.223 
13.204 
25.145 
37.042 
48.892 

00.691 
12.435 
24.120 
35.746 
47.304 

58.794 
10.212 
21.554 
32.818 
43.999 

55.094 
06.100 
17.014 
27.831 
38.550 

49.166 
59.676 
10.078 
20.368 
30.543 

40.599 
50.535 
00.346 
10.030 
19.584 

29.005 
38.290 
47.437 
56.442 
05.302 
14.016 



Isometric 
colatitude. 



Of // 

90 00 00.00 

89 30 12.18 

89 00 24.36 

88 30 36.53 

88 00 48.70 

87 31 00.84 

87 01 12.97 

86 31 25.08 

86 01 37.16 

85 31 49.21 



85 02 

84 32 

84 02 

83 32 

83 02 

82 33 

82 03 

81 33 

81 03 

80 33 

80 03 

79 34 

79 04 

78 34 

78 04 

77 34 

77 05 

76 35 

76 05 

75 35 



75 
74 
74 
73 
73 

72 
72 
71 
71 
70 

70 



68 
68 
67 



05 
35 
06 
36 
06 

36 
06 
37 
07 
37 

07 
37 
07 
37 
08 
38 



01.22 
13.20 
25.14 
37.04 
48.89 

00.69 
12.44 
24.12 
35.75 
47.30 

58.79 
10.21 
21.55 
32.82 
44.00 

55.09 
06.10 
17.01 
27.83 
38.55 

49.17 
59.68 
10.06 
20.37 
80.54 

40.60 
50.54 
00.35 
10.03 
19.58 

29.00 
38.29 
47.44 
56.44 
05.30 
14.02 



2^ 
2 



45 
44 
44 
44 
44 

43 
43 
43 
43 
42 



37 
37 
37 
36 
36 

36 
36 
35 
35 
35 

35 
34 
34 
34 
34 
33 



00 00.00 
45 06.09 
12.18 
18.27 
24.35 



30 
15 
00 



45 
30 
15 
00 
45 



42 31 

42 16 

42 01 

41 46 

41 31 

41 16 

41 01 

40 46 

40 31 

40 16 

40 01 

39 47 

39 32 

39 17 

39 02 

38 47 

88 32 

38 17 

38 02 

37 47 



32 
17 
03 
48 
33 

18 
03 
48 
33 
18 

03 
48 
33 
18 
04 
49 



30.42 
36.48 
42.54 
48.58 
54.60 

00.61 
06.60 
12.57 
18.52 
24.45 

30.35 
36.22 
42.06 
47.87 
53.65 

59.40 
05.11 
10.78 
16.41 
22.00 

27.55 
33.05 
38.51 
43.92 
49.28 

54.58 
59.84 
05.04 
10.18 
15.27 

20.30 
25.27 
30.17 
35.02 
39.79 

44.50 
49.15 
53.72 
58.22 
02.65 
07.01 



^-x- +70050427 sin 2^-059900 sin 4^ +0f0017 sin 6^. 
^.X- [2.84512455] sin 2^~[9.99563-10] sin 4v> +[7.238-10] sin 6^. 



104 



U. S. 00A8T AND OEODETIO SURVET. 



LATITUDE TRANSFORMATION^-Continued. 

Geodetic to isometric — Continued. 



Q<y>detio 
latitude. 


Oeodetlo 

colatl- 

tude 


Geodetic 

minus 

Isometric. 


Isometric 
colatltude. 




z 
2 
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P 
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P— X 




z 










e 1 


e 


1 
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// 
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f 


n 


e 


/ /' 




22 30 


67 


30 


8 


14.016 


67 


38 


14.02 


33 


49 07. 01 




23 00 


67 


00 


8 


22.580 


67 


06 


22.68 


33 


34 11.29 




23 30 


66 


30 


8 


30.992 


66 


38 


30.99 


33 


19 15.60 




24 00 


66 


00 


8 


39.250 


66 


08 


39.25 


33 


04 19.62 




24 30 


65 


30 


8 


47.349 


65 


38 


47.36 


32 


49 23.67 




25 00 


65 


00 


8 


55.290 


65 


08 


66.29 


32 


34 27.64 




25 30 


64 


30 


9 


03.068 


64 


39 


03.07 


32 


19 31.63 




26 00 


64 


00 


9 


10.681 


64 


09 


10.68 


32 


04 35.34 




26 30 


63 


30 


9 


18.128 


63 


39 


18.13 


31 


49 39.06 




27 00 


63 


00 


9 


25.405 


63 


09 


25.41 


31 


34 42.70 




27 30 


62 


30 


9 


32.512 


62 


39 


32.61 


31 


19 46.25 




28 00 


62 


00 


9 


39.444 


62 


09 


39.44 


31 


04 49.72 




28 30 


61 


30 


9 


46.201 


61 


39 


46.20 


30 


49 53. 10 




29 00 


61 


00 


9 


62.780 


61 


09 


62.78 


30 


34 56.39- 




29 30 


60 


30 


9 


69.179 


60 


39 


69.18 


30 


19 59.59 


^ 


80 00 


60 


00 


10 


05.397 


60 


10 


05.40 


30. 


05 02.70 




80 30 


59 


80 


10 


11.431 


69 


40 


11.43 


29 


60 as. 72 




81 00 


59 


00 


10 


17.280 


59 


10 


17.28 


29 


35 08.64 




81 30 


58 


80 


10 


22.941 


58 


40 


22.94 


29 


20 11.47 




82 00 


58 


00 


10 


28.414 


58 


10 


28.41 


29 


05 14.21 




82 30 


57 


80 


10 


33.695 


57 


40 


33.70 


28 


50 16.85 




83 00 


57 


00 


10 


38.785 


67 


10 


38.78 


28 


35 19.89 




83 30 


56 


30 


10 


43.680 


66 


40 


43.68 


28 


20 21.84 




84 00 


56 


00 


10 


48.380 


56 


10 


48.38 


28 


05 24.19 




84 80 


55 


30 


10 


52.883 


55 


40 


62.88 


27 


50 20.44 




85 00 


55 


00 


10 


57.188 


66 


10 


67.19 


27 


36 28.59 




85 30 


54 


30 




01.293 


64 


41 


01.29 


27 


20 30.66 




36 00 


54 


00 




05.198 


64 


11 


05.20 


27 


05 32.60 




36 80 


53 


80 




08.900 


63 


41 


08.90 


26 


50 34.45 




87 00 


53 


00 




12.398 


63 


11 


12.40 


26 


36 36.20 




37 30 


52 


30 




15.603 


62 


41 


15.69 


26 


20 37.85 




38 00 


52 


00 




18.782 


62 


11 


18.78 


26 


05 39.89 




38 80 


51 


30 




21.665 


61 


41 


21.66 


25 


50 40.83 




89 00 


51 


00 




24.841 


61 


11 


24.34 


25 


35 42.17 




39 80 


50 


30 




26.809 


50 


41 


26.81 


25 


20 43.40 




40 00 


50 


00 




29.067 


50 


11 


29.07 


25 


05 44.53 




40 30 


49 


30 




31.117 


49 


41 


31.12 


24 


50 46.56 




41 00 


49 


00 




32.955 


49 


11 


32.96 


24 


35 46.48 




41 80 


48 


30 




34.584 


48 


41 


34.58 


24 


20 47.29 




42 00 


48 


00 




36.000 


48 


11 


36.00 


24 


05 48.00 

• 




42 30 


47 


80 




37.205 


47 


41 


37.20 


23 


50 48.60 




43 00 


47 


00 




38.198 


47 


11 


38.20 


23 


35 49.10 




43 80 


46 


30 




38.978 


46 


41 


38.98 


23 


20 49.49 




44 00 


46 


00 




39.546 


46 


11 


39.55 


23 


05 49.77 




44 30 


46 


30 




39.900 


45 


41 


39.90 


22 


50 49.95 




46 00 


46 


00 




40.041 


46 


11 


40.04 


22 


35 60.02 





^— v-+700f0427 sin 2tf-0f9900 sin 4^+Of0017 sin 6«. 
^-X- [2.84612466] sin 2*»-I9.99563-10] sin 4^+[7.a88-10] sin «r. 
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LATITUDE TRANSFORMATION-^Contintted. 

Geodetic to isometric — Continued. 



Geodetic 
latitude. 


Oeodetio 

colati- 

tude 


Geodetic 

minus 

isometric. 


Isometric 
colatitude. 




2 




<p 


P 


¥>—x 
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^ 




o 


f 
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f If 
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ti 


• 


r 
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45 


00 


45 


00 


11 40.041 


45 11 


40.04 


22 


85 


50.02 


45 


30 


44 


30 


11 39.969 


44 41 


39.97 


22 


20 


49.98 


46 


00 


44 


00 


11 39.684 


44 11 


39.68 


22 


05 


49.84 


46 


30 


43 


30 


11 39.185 


43 41 


39.18 


21 


50 


49.59 


47 


00 


43 


00 


11 38.474 


43 11 


38.47 


21 


35 


49.24 


47 


30 


42 


30 


11 37.549 


42 41 


37.55 


21 


20 


48.77 


48 


00 


42 


00 


11 36.412 


42 11 


36.41 


21 


05 


48.21 


48 


30 


41 


30 


11 35.063 


41 41 


35.06 


20 


50 


47.53 


49 


00 


41 


00 


11 33.501 


41 11 


33.50 


20 


35 


46.75 


49 


30 


40 


30 


11 31.728 


40 41 


31.78 


20 


20 


45.86 


50 


00 


40 


00 


11 29.745 


40 11 


29.74 


20 


05 


44.87 


50 


30 


39 


30 


11 27.560 


39 41 


27.55 


19 


50 


43.78 


51 


00 


39 


00 


11 25.146 


39 11 


25.15 


19 


35 


42.57 


51 


30 


38 


30 


11 22.533 


38 41 


22.53 


19 


20 


41.27 


52 


00 


38 


00 


11 19.712 


38 11 


19.71 


19 


05 


39.86 


52 


30 


37 


30 


11 16.683 


37 41 


16.68 


18 


50 


38.34 


53 


00 


37 


00 


11 13.448 


37 11 


13.45 


18 


35 


36.72 


53 


30 


36 


30 


11 10.007 


36 41 


laoi 


18 


20 


35.00 


54 


00 


36 


00 


11 06.360 


36 11 


06.36 


18 


05 


33.18 


54 


30 


35 


30 


11 02.512 


35 41 


02.51 


17 


50 


31.26 


55 


00 


35 


00 


10 58.461 


35 10 


58.46 


17 


35 


29.23 


55 


30 


34 


30 


10 54.208 


34 40 


54.21 


17 


20 


27.10 


56 


00 


34 


00 


10 49.755 


34 10 


49.76 


17 


05 


24.88 


56 


30 


33 


30 


10 45 104 


33 40 


45.10 


16 


50 


22.55 


57 


00 


33 


00 


10 40.256 


33 10 


40.26 


16 


35 


20.13 


57 


30 


32 


30 


10 35.212 


32 40 


35.21 


16 


20 


17.61 


58 


00 


32 


00 


10 29.974 


32 10 


29.97 


16 


05 


14.99 


58 


30 


31 


30 


10 24.543 


31 40 


24.54 


15 


50 


12.27 


59 


00 


31 


00 


10 18.922 


31 10 


18.92 


15 


35 


09.46 


59 


30 


30 


30 


10 13.111 


30 40 


13.11 


15 


20 


06.56 


60 


00 


30 


00 


10 07.112 


30 10 


07.11 


15 


05 


03.56 


60 


30 


29 


30 


10 00.928 


29 40 


00.93 


14 


50 


oa4« 


61 


00 


29 


00 


9 54.560 


29 09 


54.56 


14 


34 


57.28 


61 


30 


28 


30 


9 48.010 


28 39 


48.01 


14 


19 


54.00 


02 


00 


28 


00 


9 41.280 


28 09 


41.28 


14 


04 


50.64 


62 


30 


27 


30 


9 34.372 


27 39 


34.37 


13 


49 


47.10 


63 


00 


27 


00 


9 27.288 


27 09 


27.29 


13 


34 


43.61 


63 


30 


26 


30 


9 20.031 


26 39 


2a 03 


13 


19 


4a 02 


64 


00 


26 


00 


9 12.602 


26 09 


12.60 


13 


04 


36.30 


64 


30 


25 


30 


9 05.005 


25 39 


05.00 


12 


49 


32.50 


65 


00 


25 


00 


8 57.240 


25 08 


57.24 


12 


34 


28.62 


65 


30 


24 


30 


8 49.310 


24 38 


49.31 


12 


19 


24.66 


66 


00 


24 


00 


8 41.219 


24 08 


41.22 


12 


04 


20.61 


66 


30 


23 


30 


8 32.968 


23 38 


32.97 


11 


49 


16.48 


67 


00 


23 


00 


8 24.559 


23 08 


24.56 


11 


34 


12.28 


67 


30 


22 


30 


8 15.996 


22 38 


16.00 


11 


19 


08.00 
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U. S. COAST AND GEODETIO SURVET. 



LATITUDE TRANSFORMATION— Contiiiued. 

Geodetic to isometric — Continued. 



Geodetic 
latitude. 


Geodetic 

colati- 

tude 


Geodetic 

minus 

isometric. 


Isometric 
colatitude. 
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67 30 


22 


30 


8 15.996 


22 


38 


16.00 


11 19 


o&oo 


68 00 


22 


00 


8 07.281 


22 


08 


07.28 


11 04 


03.64 


68 30 


21 


30 


7 68.417 


21 


87 


68.42 


10 48 


69.21 


69 00 


21 


00 


7 49.406 


21 


07 


49.41 


10 33 


54.70 


69 30 


20 


30 


7 4a251 


20 


37 


4a 25 


10 18 


60.13 


70 00 


20 


00 


7 30.965 


20 


07 


30.96 


10 03 


45.48 


70 30 


19 


30 


7 21.521 


19 


37 


21.52 


9 48 


40.76 


71 00 


19 


00 


7 11.952 


19 


07 


11.96 


9 33 


36.98 


71 30 


18 


30 


7 02.249 


18 


37 


02.25 


9 18 


31.12 


72 00 


18 


00 


6 62.418 


18 


06 


62.42 


9 03 


26.21 


72 30 


17 


30 


6 42.460 


17 


36 


42.46 


8 48 


21.23 


73 00 


17 


00 


6 32.378 


17 


06 


32.38 


8 33 


16.19 


73 30 


16 


30 


6 22.177 


16 


86 


22.18 


8 18 


11.09 


74 00 


16 


00 


6 11.858 


16 


06 


11.86 


8 03 


05.98 


74 CO 


15 


30 


6 01.424 


15 


36 


01 42 


7 48 


00.71 


75 00 


15 


00 


5 50.880 


16 


05 


5a 88 


7 32 


66.44 


75 30 


14 


30 


5 40.229 


14 


35 


40.23 


7 17 


6a 11 


76 00 


14 


00 


5 29.472 


14 


05 


29.47 


7 02 


44.74 


76 30 


13 


30 


5 18.615 


13 


36 
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6 47 


29.31 


77 00 


13 


00 


5 07.660 


13 


06 


07.66 


6 32 


33.83 


77 30 


12 


30 


4 56.611 


12 


34 


66.61 


6 17 


28.31 


78 00 


12 


00 


4 45.470 


12 


04 


45.47 


6 02 


22.74 


78 30 


11 


30 


4 34.242 


11 


34 


34.24 


5 47 


17.12 


79 00 


11 


00 


4 22.930 


11 


04 


22.93 


5 32 


11.46 


79 30 


10 


30 


4 11.537 


10 


34 


11.54 


5 17 


05.77 


80 00 


10 


00 


4 00.067 


10 


04 


00.07 


6 02 


00.03 


80 30 


9 


30 


3 48.522 


9 


33 


48.52 


4 46 


64.26 


81 00 


9 


00 


3 36.907 


9 


03 


36.91 


4 31 


48.46 


81 30 


8 


30 


3 25.228 


8 


33 


25.23 


4 16 


42.61 


82 00 


8 


00 


3 13.484 


8 


03 


13.48 


4 01 


36.74 


82 30 


7 


30 


3 01.681 


7 


33 


01.68 


3 46 


30.84 


83 00 


7 


00 


2 49.822 


7 


02 


49.82 


3 31 


24.91 


83 30 


6 


30 


2 37.910 


6 


32 


37.91 


3 16 


18.96 


84 00 


6 


00 


2 25.951 


6 


02 


25.96 


3 01 


12.98 


84 30 


5 


30 


2 13.945 


6 


32 


13.94 


2 46 


06.97 


85 00 


5 


00 


2 01.900 


6 


02 


01.90 


2 31 


00.96 


85 30 


4 


30 


1 49.818 


4 


31 


49.82 


2 16 


64.91 


86 00 


4 


00 


1 37.701 


4 
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37.70 


2 00 


48.86 


86 30 
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30 


1 25.554 
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31 


25.66 


1 45 


42.78 
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00 


1 13.381 
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01 


13.38 


1 30 


36.69 


87 30 


2 
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1 01.184 


2 


31 
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1 16 


30.60 


88 00 


2 


00 


48.971 


2 


00 
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1 00 


24.49 


88 30 


1 


30 


36.741 
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30 


36.74 


46 


18.37 


89 00 


1 


00 


24.500 


1 


00 


24.60 


80 


12.25 


89 30 





30 


12.262 





30 


12.25 


15 


06.13 


90 00 





00 


00.000 





00 


00.00 
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00.00 
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LATITUDE TRANSFORMATION— Contintted. 

Isometric to geodetic. 



Xsomet- 
Tio lati- 
tude. 


Qeodetio 

minus 
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Geodetic 
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isometric. 
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30 


9 


05.392 


25 


39 


05.39 


3 


30 




25.650 


3 


31 


25.65 


26 


00 


9 


12.987 


26 


09 


12.99 


4 


00 




37.810 


4 


01 


37.81 


28 


30 


9 


20.412 


26 


39 


20.41 


4 


30 




49.941 


4 


31 


49.94 


27 


00 


9 


27.665 


27 


09 


27.66 


5 


00 


2 


02.037 


5 


02 


02.04 


27 


30 


9 


34. 744 


27 


39 


34.74 


5 


30 


2 


14.097 


5 


32 


14.10 


28 


00 


9 


41.647 


28 


09 


41.65 


6 


00 


2 


26.113 


6 


02 


26.11 


28 


30 


9 


48.371 


28 


39 


48.37 


6 


30 


2 


38.085 


6 


32 


38.08 


20 


00 


9 


54.915 


29 


09 


54.92 


7 


00 


2 


50.009 


7 


02 


50.01 


29 


30 


10 


01.277 


29 


40 


01.28 


7 


30 


3 


01.880 


7 


33 


01.88 


30 


00 


10 


07.454 


30 


10 


07.45 


8 


00 


3 


13.695 


8 


03 


13.70 


30 


30 


10 


13.446 


30 


40 


13.45 


8 


30 


3 


25.450 


8 


33 


25.45 


31 


00 


10 


19.249 


31 


10 


19.25 


9 


00 


3 


37.142 


9 


03 


37.14 


31 


30 


10 


24.863 


31 


40 


24.86 


9 


30 


3 


48.768 


9 


33 


48.77 


32 


00 


10 


30.285 


32 


10 


30.28 


10 


00 




00.322 


10 


04 


00.32 


32 


30 


10 


35.514 


32 


40 


35.51 


10 


30 




11.803 


10 


34 


11.80 


33 


00 


10 


40.549 


33 


10 


40.65 


11 


00 




23.206 


11 


04 


23.21 


33 


30 


10 


45.388 


33 


40 


45.39 


11 


30 




34.529 


11 


34 


34.53 


34 


00 


10 


50.029 


34 


10 


50.03 


12 


00 




45.766 


12 


04 


45.77 


34 


30 


10 


54.471 


34 


40 


54.47 


12 


30 


4 


56.916 


12 


34 


56.92 


35 


00 


10 


58.713 


35 


10 


68.71 


13 


00 


5 


07.974 


13 


05 


07.97 


35 


30 




02. 754 


35 


41 


02.75 


13 


30 


5 


18.937 


13 


35 


18.94 


36 


00 




06.592 


36 


11 


06.59 


14 


00 


5 


29.802 


14 


05 


29.80 


36 


30 




10.226 


36 


41 


10.23 


14 


30 


5 


40.566 


14 


35 


40.57 


37 


00 




13.656 


37 


11 


13.66 


15 


00 


5 


51.225 


15 


05 


51.22 


37 


30 




16.879 


37 


41 


16.88 


15 


30 


6 


01.776 


15 


36 


01.78 


38 


00 




19.896 


38 


11 


19.90 


16 


00 


6 


12.215 


16 


06 


12.22 


38 


30 




22.705 


38 


41 


22.70 


Id 


30 


6 


22.540 


16 


36 


22.54 


39 


00 




25.305 


39 


11 


25.30 


17 


00 


6 


32.747 


17 


06 


32.75 


39 


30 




27.696 


39 


41 


27.70 


17 


30 


6 


42.834 


17 


36 


42.83 


40 


00 




29.878 


40 


11 


29.88 


18 


00 


6 


62.796 


18 


06 


52.80 


40 


30 




31.848 


40 


41 


31.85 


18 


30 




02.631 


18 


37 


02.63 


41 


00 




33.607 


41 


11 


33.61 


19 


00 




12.337 


19 


07 


12.34 


41 


30 




35.156 


41 


41 


35.16 


19 


30 




21.910 


19 


37 


21.91 


42 


00 




36.492 


42 


11 


36.49 


20 


00 




31.346 


20 


07 


31.35 


42 


30 




37.615 


42 


41 


37.62 


20 


30 




40.644 


20 


37 


40.64 


43 


00 




38.526 


43 


11 


38.53 


21 


00 




49.801 


21 


07 


49.80 


43 


30 




39.224 


43 


41 


39. 22 


21 


30 




58.813 


21 


37 


58.81 


44 


00 




39.709 


44 


11 


39.71 


22 


00 


8 


07.678 


22 


08 


07.68 


44 


30 




39.980 


44 


41 


39.98 


22 


30 


8 

• 


16.393 


22 


38 


16.39 


45 


00 




40.038 


45 


11 


40.04 



^'-X- +700f0420 sin 2x+lf 3859 sin 4x+0f 0037 sin 6x. 
*»-X- [2.84612413] sin 2x+[0.1417261 sin 4x+[7.572-10] sin 6x. 



108 



V. S. COAST AND OEODETIO SURVET. 



LATITUDE TRANSFORMATION-^Contiiiued. 

Ismnetric to geodetic — Continued. 



laomet- 
rio lati- 
tude. 


Qeodetio 

minus 

isometric. 


Qeodetio 
latitude. 


Isomet- 
ric lati- 
tude. 


Qeodetio 

minus 

isometric 


Qeodetio 
latitude. 


X 


<p— X 




¥> 




X 


*>— X 




^ 


o / 


/ /f 


o 


/ 


n 


o / 


/ 


ft 


e 


9 II 


45 00 


11 40.038 


45 


11 


40.04 


67. 30 


8 


13.621 


67 


38 13.62 


45 90 


11 39.883 


45 


41 


39.88 


68 00 


8 


04.908 


68 


06 04.91 


46 00 


11 39.515 


46 


11 


39.52 


68 30 


7 


56.048 


68 


37 66.05 


46 90 


11 38.934 


46 


41 


38.93 


69 00 


7 


47.044 


69 


07 47.04 


47 00 


11 38.140 


47 


11 


38.14 


69 30 


7 


37.900 


69 


37 87.90 


47 80 


11 37.134 


47 


41 


37.13 


70 00 


7 


28.617 


70 


07 28.62 


48 00 


11 35.916 


48 


11 


35.92 


70 80 


7 


19.198 


70 


37 19.20 


48 30 


11 34.485 


48 


41 


34.48 


71 00 


7 


09.648 


71 


07 09.66 


49 00 ' 


11 32.844 


49 


11 


32.84 


71 30 


6 


59.967 


71 


36 50.97 


49 30 


11 30.992 


49 


41 


30.99 


72 00 


6 


50.160 


72 


06 60.16 


50 00 


11 28.930 


50 


11 


28.93 


72 30 


6 


40.229 


72 


36 40.23 


50 80 


11 26.658 


50 


41 


26.66 


73 00 


6 


30.177 


73 


06 30.18 


51 00 


11 24.178 


51 


11 


24.18 


73 30 


6 


20.008 


73 


36 20.01 


51 30 


11 21.490 


51 


41 


21.49 


74 00 


6 


09.724 


74 


06 09.72 


52 00 


11 18.595 


52 


11 


18.60 


74 30 


5 


59.328 


74 


35 59.33 


52 30 


11 15.493 


52 


41 


15.49 


76 00 


5 


48.824 


75 


05 48.82 


53 00 


11 12.187 


53 


11 


12.19 


75 30 


5 


38.216 


75 


35 38.22 


53 30 


11 08.676 


53 


41 


08.68 


76 00 


5 


27.504 


76 


05 27.50 


54 00 


11 04.963 


54 


11 


04.96 


76 30 


5 


16.695 


76 


35 16.70 


54 30 


11 01.048 


54 


41 


01.05 


77 00 


5 


05.790 


77 


05 05.79 


55 00 


10 56.932 


55 


10 


56.93 


77 30 




54.792 


77 


34 54.79 


55 30 


10 52.617 


55 


40 


52.62 


78 00 




43.706 


78 


04 43.71 


56 00 


10 48.103 


56 


10 


48.10 


78 30 




32.535 


78 


34 32.54 


56 80 


10 43.394 


56 


40 


43.39 


79 00 




21.281 


79 


04 21.28 


57 00 


10 38.489 


57 


10 


38.49 


79 30 




09.949 


79 


34 09.95 


57 30 


10 33.391 


57 


40 


33.39 


80 00 


3 


58.541 


80 


03 58.54 


58 00 


10 28.101 


58 


10 


28.10 


80 30 


3 


47.061 


80 


33 47.06 


58 80 


10 22.620 


58 


40 


22.62 


81 00 


3 


35.513 


81 


03 35.51 


59 00 


10 16.951 


59 


10 


16.95 


81 30 


3 


23.900 


81 


33 23.90 


59 30 


10 11.095 


59 


40 


11.10 


82 00 


3 


12.226 


82 


08 12.23 


60 00 


10 05.054 


60 


10 


05.05 


82 30 


3 


00.494 


82 


33 00.49 


60 30 


9 58.830 


60 


39 


58.83 


83 00 


2 


48.707 


83 


02 48.71 


61 00 


9 52.424 


61 


09 


52.42 


83 30 


2 


36.870 


83 


32 36.87 


61 30 


9 45.839 


61 


39 


45.84 


84 00 


2 


24.985 


84 


02 24.99 


62 00 


9 39.077 


62 


09 


39.08 


84 30 


2 


13.057 


84 


32 18.06 


62 30 


9 32.140 


62 


39 


32.14 


85 00 


2 


01.089 


85 


02 01.09 


63 00 


9 25.029 


63 


09 


25.03 


85 30 


1 


49.084 


85 


31 49.06 


63 80 


9 17.748 


63 


39 


17.75 


86 00 


1 


37.046 


86 


01 87.05 


64 00 


9 10.297 


64 


09 


10.30 


86 30 


1 


24.980 


86 


81 24.98 


64 80 


9 02.681 


64 


39 


02.68 


87 00 


1 


12.887 


87 


01 12.89 


65 00 


8 54.900 


65 


08 


54.90 


87 30 


1 


00.773 


87 


31 00.77 


65 30 


8 46.958 


65 


38 


46.96 


88 00 





48.640 


88 


00 48.64 


66 00 


8 38.857 


66 


08 


38.86 


88 30 





86.493 


88 


80 86.49 


60 30 


8 30.598 


66 


38 


30.60 


89 00 





24.335 


89 


00 24.34 


67 00 


8 22.186 


67 


08 


22.19 


89 30 





12. 169 


89 


30 12.17 


67 30 


8 13.621 


67 


38 


13.62 


90 00 





00.000 


90 


00 00.00 



^-x- +700f 0420 sin 2x+l'3859 sin 4x+0f 0037 sin 6%. 
*'-X-[2.845124131 sin 2x+[0.141726] sin 4x+[7J>72-10] sin 6x. 



LATITUDE DEVELOPMENTS. 
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LATITUDE TRANSFORMATION--CQiitinued. 

Geodetic to autkalic. 



Oeodetic 
latitude. 





1 
1 
2 

2 
3 
3 
4 

4 

5 
5 



00 
30 
00 
30 
00 

30 
00 
30 
00 
30 

00 
30 



6 00 

6 80 

7 00 

7 30 

8 00 

8 30 

9 00 
30 

10 00 

10 30 

11 00 

11 30 

12 00 

12 30 

13 00 

13 30 

14 00 

14 30 

15 00 

15 30 

16 00 

16 30 

17 00 

17 30 

18 00 

18 30 

19 00 

19 30 

20 00 

20 30 

21 00 

21 30 

22 00 
22 30 



Geodetic 

mtnus 

autluQic. 












1 
1 

1 
1 
1 
1 
1 

2 
2 
2 
2 
2 

2 
2 
2 
3 
3 

3 
3 
8 
3 
3 

3 
4 
4 
4 
4 

4 
4 
4 
4 
4 

4 
5 
5 
5 
5 
5 



It 

00.000 
08.135 
16.267 
24.395 
32.515 

40.625 
48.723 
56.806 
04.872 
12.918 

20.942 
28.942 
36.915 
44.858 
52.770 

00.648 
08.488 
16.290 
24.051 
31.768 

39.439 
47.062 
54.634 
02.154 
09.618 

17.024 
24.371 
31.656 
38.877 
46.032 

53.118 
00.133 
07.076 
13.944 
20.734 

27.446 
34.076 
40.624 
47.086 
53.462 

69.748 
05.944 
12.046 
18.054 
23.966 
29.779 



Authalic 
latitude. 

/J 








1 
1 



3 

4 

4 
5 
5 



7 
7 



00 
29 



59 



29 
59 



2 29 

2 59 

3 29 



58 
28 

58 
28 
58 



6 28 
6 58 



27 
57 



8 27 

8 57 

9 27 

9 57 

10 27 

10 57 

11 26 

11 56 

12 26 

12 56 

13 26 

13 56 

14 26 

14 56 

15 25 

15 55 

16 25 

16 55 

17 25 

17 55 

18 25 

18 55 

19 25 

19 55 

20 24 

20 54 

21 24 

21 54 

22 24 



ti 

00.00 
51.87 
43.73 
35.61 
27.49 

19.38 
11.28 
03.19 
55.13 
47.08 

39.06 
31.06 
23.08 
15.14 
07.23 

59.35 
51.61 
43.71 
35.95 
28.23 

20.56 
12.94 
06.37 
57.85 
50.38 

42.98 
35.63 
28.34 
21.12 
13.97 

06.88 
59.87 
52.92 
46.06 
39.27 

32.55 
25.92 
19.38 
12.91 
06.54 

00.25 
54.06 
47.95 
41.95 
36.03 
30.22 



Geodetic 


latitude. 


*> 


e 


1 


22 


30 


23 


00 


23 


30 


24 


00 


24 


30 


25 


00 


25 


30 


26 


00 


26 


30 


27 


00 


27 


30 


28 


00 


28 


30 


29 


00 


29 


30 


30 


00 


30 


30 


31 


00 


31 


30 


32 


00 


32 


30 


33 


00 


33 


30 


34 


00 


34 


30 


35 


00 


35 


30 


36 


00 


36 


30 


37 


00 


37 


30 


38 


00 


38 


30 


39 


00 


39 


30 


40 


00 


40 


30 


41 


00 


41 


30 


42 


00 


42 


30 


43 


00 


43 


30 


44 


00 


44 


30 


45 


00 



Geodetic 

mtnus 

autluQic. 



5 
5 
5 
5 
5 

5 
6 
6 
6 
6 

6 
6 
6 
6 
6 

6 
6 
6 
6 
6 

7 
7 
7 
7 
7 

7 
7 
7 
7 
7 

7 
7 
7 
7 
7 

7 
7 
7 
7 
7 

7 
7 
7 
7 
7 
7 



It 

29.779 
35.492 
41.104 
46.612 
52.014 

57.310 
02.498 
07.575 
12.541 
17.394 

22.132 
26.765 
31.260 
35.646 
39.911 

44.056 
48.078 
51.975 
55.748 
59.394 

02.913 
06.303 
09.564 
12.694 
15.693 

18.560 
21.292 
23.891 
26.355 
28.683 

30.875 
32.929 
34.846 
36.624 
38.264 

39.764 
41. 124 
42.344 
43.423 
44.361 

45. 157 
45. 812 
46.325 
46.696 
46.926 
47.012 



Authalic 
latitude. 

/J 



22 24 

22 64 

23 24 

23 64 

24 24 

24 54 

26 23 

26 63 

26 23 

26 63 

27 23 

27 63 

28 23 

28 63 

29 23 

29 63 

30 23 

30 53 

31 23 

31 63 

32 22 

32 52 

33 22 

33 52 

34 22 

34 62 

35 22 

35 52 

36 22 

36 52 

37 22 

37 52 

38 22 

38 62 

39 22 

39 52 

40 22 

40 62 

41 22 

41 52 

42 22 

42 52 

43 22 

43 52 

44 22 
44 52 



It 

30.22 
24.51 
18.90 
13.39 
07.99 

02.69 
57.60 
62.42 
47.46 
42.61 

37.87 
33.24 
28.74 
24.36 
20.09 

16.94 
11.92 
08.02 
04.25 
00.61 

57.09 
63.70 
50.44 
47.31 
44.31 

41.44 
38.71 
36.11 
33.64 
31.32 

29.12 
27.07 
25.15 
23.38 
21.74 

20.24 
18.88 
17.66 
16.58 
15.64 

14.84 
14.19 
13.68 
13.30 
13.07 
12.99 



^_/S- -f 467f 0129 sin 2^-Of 4494 sin 4v>+0f 0005 sin 6^. 
^-/S-[2.6693289J sin 2^-[9.6525S-10J sm 4v)+[6.732-10J sin 6f , 
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U. S. COAST AND GEODETIC SURYBT. 



LATITUDE TRANSFORMATION— Contiiiued. 

Geodetic to authcdic — Continued. 



Geodetic 
latitude. 


Geodetic 

minus 

authalic. 


Authalic 
latitude. 


Geodetic 
latitude. 


Geodetic 

minus 

authalic. 


AuthaUc 
latitude. 


<p 


v—fi 




^ 




*> 


vfi 




fi 




o / 


1 n 


e 


/ 


tt 


e 


/ 


f tt 


o 


1 


It 


45 00 


7 47.012 


44 


52 


12.99 


67 


30 


5 30.678 


67 


24 


29.32 


45 30 


7 46.957 


45 


22 


13.04 


68 


00 


5 24.864 


67 


54 


36.14 


46 00 


7 46.750 


45 


52 


13.24 


68 


30 


5 18.951 


68 


24 


41.05 


46 30 


7 46.419 


46 


22 


13.58 


69 


00 


5 12.940 


68 


54 


47.06 


47 00 


7 45.937 


46 


52 


14.06 


69 


30 


5 06.833 


69 


24 


53.17 


47 30 


7 45.313 


47 


22 


14.69 


70 


00 


5 00.633 


69 


54 


59.37 


48 00 


7 44.547 


47 


52 


15.45 


70 


30 


4 54.341 


70 


25 


05.66 


48 30 


7 43.640 


48 


22 


16.36 


71 


00 


4 47.958 


70 


55 


12.04 


49 00 


7 42.591 


48 


52 


17.41 


71 


30 


4 41.488 


71 


25 


18.61 


49 30 


7 41.402 


49 


22 


18.60 


72 


00 


4 34.931 


71 


55 


26.07 


50 00 


7 40.071 


49 


52 


19.93 


72 


30 


4 28.290 


72 


25 


31.71 


50 30 


7 38.600 


50 


22 


21.40 


73 


00 


4 21.567 


72 


55 


38.43 


51 00 


7 36.990 


50 


52 


23.01 


73 


30 


4 14.764 


73 


25 


46.24 


51 30 


7 35.240 


51 


22 


24.76 


74 


00 


4 07.883 


73 


55 


62.12 


52 00 


7 33.351 


51 


52 


26.65 


74 


30 


4 00.927 


74 


25 


59.07 


52 30 


7 31.324 


52 


22 


28.68 


75 


00 


3 53.896 


74 


56 


06.10 


53 00 


7 29.159 


52 


52 


30.84 


75 


30 


3 46.794 


75 


26 


13.21 


53 30 


7 26.858 


53 


22 


33.14 


76 


00 


3 39.622 


75 


56 


20.38 


54 00 


7 24.419 


53 


52 


35.58 


76 


30 


3 32.383 


76 


26 


27.62 


54 30 


7 21.846 


54 


22 


38.15 


77 


00 


3 25.080 


76 


56 


34.92 


55 00 


7 19.137 


54 


52 


40.86 


77 


30 


3 17.713 


77 


26 


42.29 


55 30 


7 16.294 


55 


22 


43.71 


78 


00 


3 10.286 


77 


56 


49.71 


56 00 


7 13.319 


55 


52 


46.68 


78 


30 


3 02.800 


78 


26 


57.20 


56 30 


7 10.210 


56 


22 


49.79 


79 


00 


2 55.259 


78 


67 


04.74 


57 00 


7 06.971 


56 


52 


53.03 


79 


30 


2 47.663 


79 


27 


12.34 


57 30 


7 03.501 


57 


22 


56.50 


80 


00 


2 40.017 


79 


67 


19.98 


58 00 


7 00.102 


57 


52 


59.90 


80 


30 


2 32.322 


80 


27 


27.68 


58 30 


6 56.475 


58 


23 


03.52 


81 


00 


2 24.579 


80 


57 


35.42 


59 00 


6 52.720 


58 


53 


07.28 


81 


30 


2 16.793 


81 


27 


43.21 


59 30 


6 48.840 


59 


23 


11.16 


82 


00 


2 08.965 


81 


67 


51.04 


60 00 


6 44.834 


59 


53 


15.17 


82 


30 


2 01.097 


82 


27 


58.90 


60 30 


6 40.705 


60 


23 


19.30 


83 


00 


1 53.192 


82 


68 


06.81 


61 00 


6 36.453 


60 


53 


23.55 


83 


30 


1 45.252 


83 


28 


14.75 


61 30 


6 32.080 


61 


23 


27.92 


84 


00 


1 37.280 


83 


68 


22.72 


62 00 


6 27.588 


61 


53 


32.41 


84 


30 


1 29.279 


84 


28 


30.72 


62 30 


6 22.977 


62 


23 


37.02 


85 


00 


1 21.250 


84 


68 


38.76 


63 00 


6 18.249 


62 


53 


41.75 


85 


30 


1 13.196 


85 


28 


46.80 


63 30 


6 13.405 


63 


23 


46.60 


86 


00 


1 05.120 


85 


68 


64.88 


64 00 


6 08.447 


63 


53 


51.55 


86 


30 


57.023 


86 


29 


02.96 


64 30 


6 03.377 


64 


23 


56.62 


87 


00 


48.910 


86 


69 


11.09 


65 00 


5 58.195 


64 


54 


01.80 


87 


30 


40.781 


87 


29 


19.22 


65 30 


5 52.904 


65 


24 


07.10 


88 


00 


32.640 


87 


59 


27.36 


66 00 


6 47.505 


65 


54 


12.50 


88 


30 


24.489 


88 


29 


35.51 


66 30 


5 42.000 


66 


24 


18.00 


89 


00 


16.330 


88 


59 


43.97 


67 00 


5 36.390 


66 


54 


23.61 


89 


30 


08.166 


89 


29 


51.87 


67 30 


5 30.678 


67 


24 


29.32 


90 


00 


00.000 


90 


00 


00.00 
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^-^-p.6<J93289J sin ?f -[9.65258- lOJ sm 4^+p.732-10) sin 6f , 



LATITUDE DEVEIX)PMENTS. 



Ill 



LATITUDE TRANSFORMATION— Continued. 

AtUhalic to geodetic. 



Authalio 


Qeodetio 


Geodetic 


Authalic 


• 

Gteodetio 

minus 

authalic. 


Geodetic 


latitude. 


authalic. 


latitude. 


latitude. 


latitude. 


P 


*»— /5 




¥> 




/J 


^-P 




IP 




o / 


/ ft 


o 


/ 


ft 


e 


/ 


1 // 


e 


t 


It 


00 


00.000 





00 


00.00 


22 


30 


6 30.837 


22 


36 


30.84 


30 


08.172 





30 


08.17 


23 


00 


5 36.649 


23 


05 


36.65 


1 00 


16.341 


1 


00 


16.34 


23 


30 


6 42.169 


23 


36 


42.16 


1 30 


24.505 


1 


30 


24.60 


24 


00 


5 47.663 


24 


05 


47.66 


2 00 


32.662 


2 


00 


32.66 


24 


30 


5 63.062 


24 


36 


53.06 


2 30 


40.809 


2 


30 


40.81 


25 


00 


6 68.362 


25 


06 


68.35 


3 00 


48.943 


3 


00 


48.94 


25 


30 


6 03.632 


26 


36 


03.53 


3 30 


57.062 


3 


30 


57.06 


26 


00 


6 08.601 


26 


06 


08.60 


4 00 


1 05.164 


4 


01 


05.16 


26 


30 


6 13.658 


26 


36 


13.66 


4 30 


1 13.245 


4 


31 


13.24 


27 


00 


6 18.400 


27 


06 


18.40 


5 00 


1 21.304 


5 


01 


21.30 


27 


30 


6 23 126 


27 


36 


23.13 


5 30 


1 29.339 


5 


31 


29.34 


28 


00 


6 27.735 


28 


06 


27.74 


6 00 


1 37.345 


6 


01 


37.34 


28 


30 


6 32.226 


28 


36 


32.22 


6 30 


1 45.322 


6 


31 


45.32 


29 


00 


6 36.696 


29 


06 


36.60 


7 00 


1 53.267 


7 


01 


53.27 


29 


30 


6 40.846 


29 


36 


40.84 


7 30 


2 01.177 


7 


32 


01.18 


30 


00 


6 44.971 


30 


06 


44.97 


8 00 


2 09.049 


8 


02 


09.05 


30 


30 


6 48.974 


30 


36 


48.97 


8 30 


2 16.882 


8 


32 


16.88 


31 


00 


6 62.862 


31 


06 


62.86 


9 00 


2 24.673 


9 


02 


24.67 


31 


30 


6 56.603 


31 


36 


56.60 


9 30 


2 32.420 


9 


32 


32.42 


32 


00 


7 00.227 


32 


07 


00.23 


10 00 


2 40.120 


10 


02 


40.12 


32 


30 


7 03.723 


32 


37 


03.73 


10 80 


2 47.770 


10 


32 


47.77 


33 


00 


7 07.089 


33 


07 


07.09 


11 00 


2 55.369 


11 


02 


66.37 


33 


30 


7 10.324 


33 


37 


10.32 


11 30 


3 02.915 


11 


33 


02.92 


34 


00 


7 13.429 


34 


07 


13.43 


12 00 


3 10.404 


12 


03 


10.40 


34 


30 


7 16.400 


34 


37 


16.40 


12 30 


3 17.835 


12 


33 


17.84 


36 


00 


7 19.239 


36 


07 


19.24 


]3 00 


3 25.205 


13 


03 


26.20 


35 


30 


7 21.943 


35 


37 


21.94 


13 30 


3 32.512 


13 


33 


32.51 


36 


00 


7 24.612 


36 


07 


24.51 


14 00 


3 39.754 


14 


03 


39.76 


36 


30 


7 26.946 


36 


37 


26.96 


14 30 


3 46.929 


14 


33 


46.93 


37 


00 


7 29.243 


37 


07 


29.24 


16 00 


3 54.034 


15 


03 


54.03 


37 


30 


7 31.403 


37 


37 


31.40 


15 30 


4 01.067 


15 


34 


01.07 


38 


00 


7 33.426 


38 


07 


33.42 


16 00 


4 08.027 


16 


04 


08.03 


38 


30 


7 35.309 


38 


37 


35.31 


16 30 


4 14.910 


16 


34 


14.91 


39 


00 


7 37.054 


39 


07 


37.05 


17 00 


4 21.715 


17 


04 


21.72 


39 


30 


7 38.689 


39 


37 


38.66 


17 30 


4 28.440 


17 


34 


28.44 


40 


00 


7 40.125 


40 


07 


40.12 


18 00 


4 35.082 


18 


04 


35.08 


40 


30 


7 41.450 


40 


37 


41.46 


18 30 


4 41.641 


18 


34 


41.64 


41 


00 


7 42.634 


41 


07 


42.63 


19 00 


4 48.113 


19 


04 


48.11 


41 


30 


7 43.678 


41 


37 


43.68 


19 30 


4 54.496 


19 


34 


64.60 


42 


00 


7 44.680 


42 


07 


44.68 


20 00 


5 00.790 


20 


05 


00.79 


42 


30 


7 46.340 


42 


37 


45.34 ' 


20 30 


5 06.991 


20 


35 


06.99 


43 


00 


7 45.969 


43 


07 


45.96 


21 00 


5 13.098 


21 


05 


13.10 


43 


30 


7 46.435 


43 


37 


46.44 


21 30 


5 19.109 


21 


35 


19.11 


44 


00 


7 46.770 


44 


07 


46.77 


22 00 


5 25023 


22 


06 


25.02 


44 


30 


7 46.962 


44 


37 


46.96 


22 30 


5 30.837 


22 


35 


30.84 


45 


00 


7 47.012 


45 


07 


47.01 
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U. S. C50A8T AND QEODETIO SURVET. 



LATITUDE TRANSFORMATION-^Continued. 

AtUhalicto geodetic — Continued. 



Authalio 


Oeodetio 

minus 

authalio. 


Oeodetio 


Authalio 


Oeodetio 

mjnua 
authalio. 


Oeodetio 


latitude. 


latitude. 


latitude. 


latitude. 





^—fi 




<p 




P 
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f 


ff 
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f 


// 


e 


f 
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45 00 




47.012 


45 


07 


47.01 


67 


30 


5 29.621 


67 


35 


29.62 


45 30 




46.919 


45 


37 


46.92 


68 


00 


5 23.808 


68 


05 


23.81 


46 00 




46.685 


46 


07 


46.68 


68 


30 


5 17.896 


68 


35 


17.90 


46 30 




46.308 


46 


37 


46.31 


69 


00 


5 11.889 


69 


05 


11.89 


47 00 




46.790 


47 


07 


45.79 


69 


30 


5 05.787 


69 


35 


05.79 


47 30 




45.129 


47 


37 


45.13 


70 


00 


4 59.592 


70 


04 


50.59 


48 00 




44.327 


48 


07 


44.33 


70 


30 


4 53.307 


70 


34 


53.31 


48 30 




43.384 


48 


37 


43.38 


71 


00 


4 46.933 


71 


04 


46.93 


49 00 




42.299 


49 


07 


42.30 


71 


30 


4 40.472 


71 


34 


40.47 


49 30 




41.074 


49 


37 


41.07 


72 


00 


4 33.926 


72 


04 


33.93 


50 00 




39.709 


50 


07 


39.71 


72 


30 


4 27.297 


72 


34 


27.30 


50 30 




38.205 


50 


37 


38.20 


73 


00 


4 20.588 


73 


04 


20.59 


51 00 




36.559 


51 


07 


36.56 


73 


30 


4 13.799 


73 


34 


13.80 


51 30 




34.776 


51 


37 


34 78 


74 


00 


4 06.934 


74 


04 


06.93 


52 00 




32.854 


52 


07 


32.85 


74 


30 


3 59.994 


74 


33 


59.99 


52 30 




30.795 


52 


37 


30.80 


75 


00 


3 52.981 


76 


03 


52.98 


53 00 




28.599 


53 


07 


28.60 


75 


30 


3 45.898 


75 


33 


45.90 


53 30 




26.266 


53 


37 


26.27 


76 


00 


3 38.746 


76 


03 


38.75 


54 00 




23.798 


54 


07 


23.80 


76 


30 


3 31.529 


76 


33 


31.53 


54 30 




21.194 


54 


37 


21.19 


77 


00 


3 24.247 


77 


03 


24.25 


55 00 




18.457 


55 


07 


18.46 


77 


30 


3 16.903 


77 


33 


16.90 


55 30 




15.587 


55 


37 


15.59 


78 


00 


3 09.500 


78 


03 


09.50 


56 00 




12.584 


56 


07 


12.58 


78 


30 


3 02.040 


78 


33 


02.M 


56 30 




09.450 


56 


37 


09.45 


79 


00. 


2 54.525 


79 


02 


54.52 


57 00 




06.185 


57 


07 


06.18 


79 


30 


2 46.957 


79 


32 


46.96 


57 30 


7 


02.791 


57 


37 


02.79 


80 


00 


2 39.338 


80 


02 


39.34 


58 00 


6 


59.269 


58 


06 


59.27 


80 


30 


2 31.671 


80 


32 


81.67 


58 30 


6 


55.619 


58 


36 


55.62 


81 


00 


2 23.958 


81 


02 


23.96 


59 00 


6 


51.844 


59 


06 


51.84 


81 


30 


2 16.202 


81 


32 


16.20 


59 30 


6 


47.943 


59 


36 


47.94 


82 


00 


2 08.405 


82 


02 


08.40 


60 00 


6 


43.918 


60 


06 


43.92 


82 


30 


2 00.560 


82 


32 


00.57 


60 30 


6 


39.771 


60 


36 


39.77 


83 


00 


1 52.696 


83 


01 


62.70 


61 00 


6 


35.503 


61 


06 


35.50 


83 


30 


1 44.789 


83 


31 


44.79 


61 30 


6 


31.115 


61 


36 


31.12 


84 


00 


1 36.851 


84 


01 


86.85 


62 00 


6 


26.608 


62 


06 


26.61 


84 


30 


1 28.883 


84 


31 


28.88 


62 30 


6- 


21.983 


62 


36 


21.98 


85 


00 


1 20.889 


85 


01 


20.89 


63 00 


6 


17.243 


63 


06 


17.24 


85 


30 


1 12.870 


85 


31 


12.87 


63 30 


6 


12 389 


63 


36 


12.39 


86 


00 


1 04.828 


86 


01 


04.83 


64 00 


6 


07.422 


64 


06 


07.42 


86 


30 


56.768 


86 


30 


56.77 


64 30 


6 


02.343 


64 


36 


02.34 


87 


00 


48.090 


87 


00 


48.69 


65 00 


5 


57.154 


65 


05 


57.15 


87 


30 


* 40.508 


87 


30 


40.60 


65 30 


5 


51.858 


65 


35 


51.86 


88 


00 


32.493 


88 


00 


82.49 


66 00 


5 


46.454 


66 


05 


46.45 


88 


80 


24.378 


88 


30 


24.38 


66 30 


5 


40.946 


66 


35 


40.95 


89 


00 


16.256 


89 


00 


16.26 


67 00 


5 


35.334 


67 


05 


35.38 


89 


80 


08.129 


89 


30 


08. IS 


67 30 


5 


29.621 


67 


35 


29.62 


90 


00 


00.000 


90 


00 


00.00 
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TRANSFORMATION FROM GEOGRAPHICAL TO AZIMUTHAL 
COORDINATES--CENTBR ON THE EQUATOR. 

Values of the great circle central distance, T- cos i^^cos X cx)s <p. 



] 


Long. 


Lat. 0". 


Lat.6^ 


Lat.] 


L0». 


Lat. 15". 


Lat. 20*. 




o 


e 


f 


ff 


o / 


tf 


e 


/ 


ff 


o 


/ 


ft 


e 


/ 


9f 




0... 





00 


00.0 


6 00 


00.0 


10 


00 


00.0 


15 


00 


00.0 


20 


00 


00.0 




6... 


6 


00 


00.0 


7 04 


00.0 


11 


10 


08.2 


15 


47 


36.7 


20 


36 


26.6 




10... 


10 


00 


00.0 


11 10 


08.2 


14 


06 


21.6 


17 


67 


49.8 


22 


16 


07.4 




16... 


16 


00 


00.0 


16 47 


36.7 


17 


67 


49.8 


21 


06 


26.0 


24 


48 


51.2 




20... 


20 


00 


00.0 


20 36 


26.5 


22 


16 


07.4 


24 


48 


51.2 


27 


60 


27.3 




26... 


26 


00 


00.0 


26 27 


48.8 


26 


48 


21.4 


28 


64 


16.4 


31 


36 


30.0 




30... 


30 


00 


00.0 


30 22 


31.8 


31 


28 


29.8 


33 


13 


33.4 


36 


31 


62.9 




36... 


36 


00 


00.0 


86 18 


36.7 


36 


13 


28.3 


37 


41 


64.4 


39 


40 


06.4 




40... 


40 


00 


00.0 


40 16 


32.9 


41 


01 


35.2 


42 


16 


24.6 


43 


67 


29.6 




46... 


46 


00 


00.0 


46 13 


03.4 


45 


51 


50.3 


46 


65 


13.7 


48 


21 


31.9 




60... 


60 


00 


00.0 


60 10 


67.7 


50 


43 


35.6 


51 


37 


09.1 


52 


50 


29.2 




65... 


66 


00 


00.0 


66 09 


09.1 


56 


36 


26.1 


56 


21 


21.3 


67 


23 


07.4 




eo... 


60 


00 


00.0 


60 07 


32.9 


60 


30 


04.6 


61 


07 


15.3 


61 


68 


32.4 




«5... 


66 


00 


00.0 


66 06 


05.8 


65 


24 


18.8 


66 


64 


25.4 


66 


36 


03.7 




70... 


70 


00 


00.0 


70 04 


45.6 


70 


18 


69.4 


70 


42 


32.4 


71 


16 


10.0 

• 




75... 


76 


00 


00.0 


76 03 


30.3 


76 


13 


60.2 


75 


31 


21.0 


76 


56 


26.1 




80... 


80 


00 


00.0 


80 02 


18.4 


80 


09 


12.4 


80 


20 


38.6 


80 


36 


31.4 




86... 


86 


00 


00.0 


86 01 


08.7 


85 


05 


15.0 


86 


10 


14.8 


86 


18 


08.1 




«0... 


90 


00 


00.0 


90 00 


00.0 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


00.0 






Lat. 


26». 


Lat. 80". 


Lat. 35». 


Lat. 


40-. • 


Lat. 45». 




0... 


26 


00 


00.0 


30 00 


00.0 


35 


00 


00.0 


40 


00 


00.0 


46 


00 


00.0 




6... 


26 


27 


48.8 


30 22 


31.8 


35 


18 


36.7 


40 


15 


32.9 


45 


13 


03.4 




10... 


26 


48 


21.4 


31 28 


29.8 


36 


13 


28.3 


41 


01 


35.2 


46 


51 


to. 3 




16... 


28 


64 


16.4 


33 13 


33.4 


37 


41 


64.4 


42 


16 


24.6 


46 


65 


13.7 




20... 


31 


36 


30.0 


36 31 


62.9 


39 


40 


06.4 


43 


57 


29.6 


48 


21 


31.9 




26... 


34 


46 


31.6 


38 17 


23.7 


42 


03 


48. y 


46 


01 


50.7 


50 


02 


02.2 




30... 


38 


17 


23.7 


41 24 


34.7 


44 


48 


48.1 


48 


26 


21.2 


62 


14 


19.6 




86... 


42 


03 


48.3 


44 48 


48.1 


47 


51 


17.7 


61 


08 


00.9 


54 


36 


13.6 




40... 


46 


01 


60.7 


48 26 


21.2 


51 


08 


00.9 


64 


04 


04.9 


67 


12 


08.1 




45... 


60 


02 


02.2 


62 14 


19.6 


54 


36 


13.5 


67 


12 


08.1 


60 


00 


00.0 




60... 


64 


22 


06.2 


66 10 


27.0 


58 


13 


40.7 


60 


30 


04.6 


62 


67 


67.6 




66... 


68 


40 


43.3 


60 12 


67.6 


61 


58 


32.4 


63 


56 


07.3 


66 


04 


21.1 




60... 


63 


03 


13.6 


64 20 


28.0 


65 


45 


44.9 


67 


28 


44.4 


69 


17 


42.7 




66... 


67 


28 


44.4 


68 31 


61.5 


69 


44 


44.3 


71 


06 


37.7 


72 


36 


44.2 




70... 


71 


66 


32.1 


72 46 


14.2 


73 


43 


47.6 


74 


48 


39.9 


76 


00 


16.4 




76... 


76 


26 


01.6 


77 02 


60.9 


77 


45 


34.9 


78 


33 


61.7 


79 


27 


16.9 




80... 


80 


66 


42.8 


81 21 


03.0 


81 


49 


20.2 


82 


21 


20.6 


82 


56 


49.1 




86... 


86 


28 


10.2 


86 40 


16.5 


86 


54 


21.4 


86 


10 


18.4 


86 


28 


00.2 




«0... 


90 


00 


oao 


90 00 


00.0 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


00.0 
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• U. 8. COAST AND GEODETIC SURVEY. 



TRANSFORHATION FROM GEOGRAPHICAL TO AZIMUTHAL 
COORDINATES— CENTER ON THE EQUATOR— Continued. 

Values of the great circle central distance^ f . cos ^=cos X cos ^>— Oontinued. 



Long. 


Lat. 45". 


Lat. J 


50*. 


Lat.i 


55^ 


Lat.( 


50*. 


Lat. 


65«. 


- 


o 


e 


/ 


ff 


o 


/ 


// 


o 


/ 


It 


e 


1 


n 


e 


/ 


// 


0... 


46 


00 


00.0 


60 


00 


00.0 


56 


00 


00.0 


60 


00 


00.0 


65 


00 


00.0 




6... 


46 


13 


03.4 


60 


10 


57.7 


66 


09 


09a 


60 


07 


32.9 


65 


06 


05.8 




10... 


45 


61 


60.3 


60 


43 


35.6 


55 


36 


26.1 


60 


30 


04.6 


65 


24 


18.8 




15... 


46 


66 


13.7 


61 


37 


09.1 


66 


21 


2L3 


61 


07 


16.8 


65 


54 


26.4 




20... 


48 


21 


31.9 


62 


60 


29.2 


67 


23 


07.4 


61 


68 


32.4 


66 


36 


03.7 




26... 


60 


02 


02.2 


64 


22 


.08.2 


58 


40 


43.3 


63 


03 


13.6 


67 


28 


44.4 




30... 


62 


14 


19.5 


66 


10 


27.0 


60 


12 


67.6 


64 


20 


28.0 


68 


31 


51.5 




36... 


64 


36 


13.5 


68 


13 


40.7 


61 


68 


32.4 


66 


46 


44.9 


69 


44 


44.3 




40... 


67 


12 


08.1 


60 


30 


04.6 


63 


66 


07.3 


67 


28 


44.4 


71 


06 


37.7 




46... 


60 


00 


00.0 


62 


67 


57.5 


66 


04 


21.1 


69 


17 


42.7 


72 


36 


44.3 




60... 


62 


67 


67.5 


66 


35 


43.8 


68 


21 


66.0 


71 


15 


10.0 


74 


14 


14.3 




65... 


66 


04 


21.1 


68 


21 


66.0 


70 


47 


33.1 


73 


20 


03.3 


76 


58 


17.6 




60... 


69 


17 


42.7 


71 


16 


10.0 


73 


20 


03.2 


76 


31 


21.0 


77 


48 


03.3 




66... 


72 


36 


44.2 


74 


14 


14.3 


76 


68 


17.6 


77 


48 


03.3 


79 


42 


41.1 




70... 


76 


00 


16.4 


77 


18 


00.0 


78 


41 


11.9 


80 


09 


12.4 


81 


41 


20.9 




76... 


79 


27 


16.9 


80 


25 


24.3 


81 


27 


46.9 


82 


33 


52.3 


83 


43 


13.2 




80... 


82 


66 


49.1 


83 


36 


28.9 


84 


17 


01.8 


86 


01 


08.7 


86 


47 


29.3 




86... 


86 


28 


00.2 


86 


47 


18.6 


87 


08 


04.4 


87 


30 


08.6 


87 


63 


20.8 




90... 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


00.0 






Lat. 


70^ 


Lat. 


75". 


Lat. 


B0^ 


Lat. 86». 


Lat. 90*. 


0... 


70 


00 


00.0 


76 


00 


00.0 


80 


00 


00.0 


86 


00 


00.0 


90 


00 


00.0 


6... 


70 


04 


46.6 


76 


03 


30.3 


80 


02 


18.4 


86 


01 


08.7 


90 


00 


00.0 




10... 


70 


18 


69.4 


76 


13 


59.2 


80 


09 


12.4 


86 


06 


15.0 


90 


00 


00.0 




16... 


70 


42 


32.4 


76 


31 


21.0 


80 


20 


38.6 


86 


10 


14.8 


90 


00 


00.0 




20... 


71 


15 


10.0 


76 


66 


26.1 


80 


36 


3L4 


86 


18 


08.1 


90 


00 


00.0 




26... 


71 


66 


32.1 


76 


26 


01.5 


80 


66 


42.8 


86 


28 


10.2 


90 


00 


00.0 




30... 


72 


46 


14.2 


77 


02 


50.9 


81 


21 


03.0 


86 


40 


16.5 


90 


00 


00.0 




36... 


73 


43 


47.6 


77 


46 


34.9 


81 


49 


20.2 


86 


64 


21.4 


90 


00 


00.0 




40... 


74 


48 


39.9 


78 


33 


61.7 


82 


21 


20.6 


86 


10 


18.4 


90 


00 


00.0 




46... 


76 


00 


16.4 


79 


27 


16.9 


82 


66 


49.1 


86 


28 


00.2 


90 


00 


00.0 




60... 


77 


18 


00.0 


80 


26 


24.3 


83 


36 


28.9 


86 


47 


18.5 


90 


00 


00.0 




66... 


78 


41 


11.9 


81 


27 


45.9 


84 


17 


01.8 


87 


08 


04.4 


90 


00 


qo.o 




60... 


80 


09 


12.4 


82 


33 


52.3 


86 


01 


08.7 


87 


30 


08.6 


90 


00 


00.0 




66... 


81 


41 


20.9 


83 


43 


13.2 


86 


47 


29.2 


87 


63 


20.8 


90 


00 


00.0 




70... 


83 


16 


66.2 


84 


66 


17.2 


86 


36 


42.6 


88 


17 


30.6 


90 


00 


00.0 




76... 


84 


65 


17.2 


86 


09 


32.5 


87 


26 


26.6 


88 


42 


26.8 


90 


00 


00.0 




80... 


86 


36 


42.6 


87 


26 


26.6 


88 


16 


19.4 


89 


07 


68.2 


90 


00 


00.0 




86... 


88 


17 


30.6 


88 


42 


26.8 


89 


07 


58.2 


89 


33 


63.2 


90 


00 


00.0 




90... 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


00.0 


90 


00 


oao 


90 


00 


00.0 
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TRANSFORMATION FROM GEOGRAPHICAL TO AZIMUTHAL 
COORDINATES--CENTER ON THE EQUATOR-^Continued. 

Values of the azimtUh reckoned from the north, a. tan a^dn X cot ^. 



] 


Umg. 


Lat.O'. 


Lat.6». 


Lat. 10'. 


Lat. \h\ 


Lat. 20». 




e 


e 


/ 


It 


e 


1 


// 


• 


1 


// 


e 


/ 


// 


e 


/ 


It 




0... 









44 


00 
53 


00.0 
20.8 



20 


00 
18 


00.0 
08.9 



18 


00 
01 


00.0 
05.3 



13 


00 
27 


00.0 
60.0 




6... 


00 


"66" 


'66*6" 




10... 


90 


00 


00.0 


63 


15 


35.2 


44 


33 


41.2 


32 


66 


44.9 


25 


30 


20.0 




15... 


90 


00 


00.0 


71 


19 


23.5 


55 


44 


03.7 


44 


00 


25.3 


85 


24 


60.8 




20... 


90 


00 


00.0 


75 


39 


05.2 


62 


43 


36.6 


51 


65 


25.5 


43 


13 


09.0 




25... 


90 


00 


00.0 


78 


18 


14.7 


67 


21 


10.4 


67 


37 


27.9 


49 


15 


60.7 




30... 


90 


00 


00.0 


80 


04 


30.0 


70 


34 


28.6 


61 


48 


47.6 


53 


56 


51.4 




35... 


90 


00 


00.0 


81 


19 


38.7 


72 


54 


42.1 


64 


57 


36.5 


67 


36 


08.3 




40... 


90 


00 


00.0 


82 


14 


57.1 


74 


39 


36.7 


67 


22 


15.4 


60 


28 


47.4 




45... 


90 


00 


00.0 


82 


56 


48.4 


75 


59 


53.0 


69 


14 


47.1 


62 


45 


49.3 




50... 


90 


00 


00.0 


83 


29 


04.5 


77 


02 


15.1 


70 


43 


15.7 


64 


35 


10.4 




65... 


90 


00 


00.0 


83 


54 


13.3 


77 


51 


07.7 


71 


53 


12.4 


66 


02 


35.5 




60... 


90 


00 


00.0 


84 


13 


52.9 


78 


29 


29.8 


72 


48 


28.4 


67 


12 


14.8 




65... 


90 


00 


00.0 


84 


29 


10.1 


78 


59 


25.2 


73 


31 


47.0 


68 


07 


11.2 




70... 


90 


00 


00.0 


84 


40 


51.2 


79 


22 


20.7 


74 


05 


05.0 


68 


49 


37.8 




75... 


90 


00 


00.0 


84 


49 


28.4 


79 


39 


17.0 


74 


29 


45.3 


69 


21 


11.2 




80... 


90 


00 


00.0 


84 


55 


23.8 


79 


50 


56.1 


74 


46 


45.3 


69 


42 


60.2 




85... 


90 


00 


00.0 


84 


58 


51.6 


79 


67 


45.3 


74 


66 


43.1 


69 


55 


46.9 




90... 


90 


00 


00.0 


85 


00 


00.0 


80 


00 


00.0 


75 


00 


00.0 


.70 


00 


00.0 




« 


Lat. 25«. 


Lat. 30». 


Lat. 35'. 


Lat. 


W. 


Lat. 45". 




0... 





00 


00.0 





00 


00.0 





00 


00.0 





00 


00.0 





00 


00.0 




5... 


10 


35 


12.4 


8 


35 


04.0 


7 


05 


42.7 


5 


55 


47.8 


4 


58 


51.8 




10... 


20 


25 


29.3 


16 


44 


22.5 


13 


55 


41.1 


11 


41 


3L5 


9 


51 


03.9 




15... 


29 


01 


55.2 


24 


08 


46.0 


20 


17 


09.3 


17 


08 


32.3 


14 


30 


38.9 




30... 


36 


15 


31.4 


30 


38 


32.4 


26 


02 


00.4 


22 


10 


33.6 


18 


52 


54.2 




25... 


42 


11 


10.6 


36 


12 


14.4 


31 


06 


48.8 


26 


43 


56.8 


22 


54 


35.3 




30... 


46 


50 


49.0 


40 


53 


36.2 


35 


31 


46.7 


30 


47 


23.0 


26 


33 


54.2 




35... 


50 


53 


22.2 


44 


48 


43.7 


39 


19 


21.7 


34 


21 


18.1 


29 


50 


15.2 




40... 


54 


02 


28.1 


48 


04 


11.6 


42 


33 


06.5 


37 


27 


13.4 


32 


43 


56.7 




45... 


50 


35 


48.5 


50 


46 


06.5 


45 


16 


51.2 


40 


07 


14.7 


35 


15 


51.8 




60... 


58 


40 


12.9 


52 


59 


43.8 


47 


34 


15.4 


42 


23 


38.7 


37 


27 


13.4 




66... 


60 


20 


56.5 


54 


49 


23.7 


49 


28 


34.8 


44 


18 


38.9 


39 


19 


21.7 




60... 


61 


41 


50.8 


56 


18 


35.8 


51 


02 


36.3 


45 


54 


16.9 


40 


53 


36.2 




65... 


62 


46 


24.8 


57 


30 


05.1 


52 


18 


38.0 


47 


12 


18.5 


42 


11 


10.5 




70... 


63 


36 


28.2 


58 


25 


69.8 


53 


18 


30.7 


48 


14 


12.1 


43 


13 


09.0 




75... 


64 


13 


60.7 


59 


07 


57.1 


54 


03 


40.8 


49 


01 


09.0 


44 


00 


25.3 




80... 


64 


39 


44.6 


69 


37 


07.6 


54 


35 


12.5 


49 


34 


03.2 


44 


33 


41.2 




85... 


64 


54 


58.4 


59 


54 


19.1 


54 


^ 


50.3 


49 


53 


32.7 


44 


53 


20.8 




90... 


65 


00 


00.0 


60 


00 


00.0 


55 


00.0 


50 


00 


00.0 


45 


00 


00.0 
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TRANSFORMATION FROM GEOGRAPHICAL TO AZmUTHAL 
COORDINATES— CENTER ON THE EQUATOR— Continued. 

Values of the oHmuih reckoned from the norths a. tan a=8in X cot 

Continued. 



Long. 


Lat. 


45«. 


Lat. 


50". 


Lat. 65». 


Lat. 60". 


Lat. 65". 


e 


• 


/ 


It 


o 


/ 


// 


o 


1 


9t 


e 


/ 


// 


e 


/ 


// 


0... 





00 


00.0 





00 


00.0 





00 


00.0 





00 


00.0 





00 


00.0 


6... 


4 


58 


61.8 


4 


10 


57.8 


3 


29 


32.2 


2 


62 


60.4 


2 


19 


38.3 


10... 


9 


51 


03.9 


8 


17 


24.4 


6 


66 


67.2 


6 


43 


30.4 


4 


37 


45.6 


15... 


14 


30 


38.9 


12 


15 


10.6 


10 


16 


19.4 


8 


29 


66.6 


6 


62 


64.1 


20... 


18 


62 


64.2 


16 


00 


46.4 


13 


28 


04.2 


11 


10 


12.8 


9 


03 


41.7 


25... 


22 


54 


35.3 


19 


31 


31.7 


16 


29 


04.4 


13 


42 


43.8 


11 


08 


54.3 


30... 


26 


33 


64.2 


22 


45 


37.7 


19 


17 


43.2 


16 


06 


07.6 


13 


07 


27.4 


36... 


29 


50 


15.2 


25 


42 


03.4 


21 


62 


63.4 


18 


19 


21.1 


14 


68 


26.4 


40... 


32 


43 


56.7 


28 


20 


20.8 


24 


13 


64.4 


20 


21 


38.1 


16 


41 


07.5 


45... 


36 


15 


61.8 


30 


40 


55.4 


26 


20 


27.6 


22 


12 


27.6 


18 


14 


56.0 


50... 


37 


27 


13.4 


32 


43 


56.7 


28 


12 


31.2 


23 


61 


31.2 


19 


39 


26.5 


55... 


39 


19 


21.7 


34 


30 


09.7 


29 


50 


15.2 


25 


18 


40.4 


20 


64 


20.5 


60... 


40 


53 


36.2 


86 


00 


18.8 


31 


13 


57.1 


26 


33 


64.2 


21 


50 


26.0 


65... 


42 


11 


10.6 


37 


16 


08.5 


32 


23 


57.7 


27 


37 


16.1 


22 


64 


35.3 


70... 


43 


13 


09.0 


38 


15 


20.3 


33 


20 


38.8 


28 


28 


62.6 


23 


39 


44.5 


75... 


44 


00 


25.3 


39 


01 


30.2 


34 


04 


20.6 


29 


08 


60.7 


24 


14 


51.7 


80... 


44 


33 


41.2 


39 


34 


07.3 


34 


36 


20.3 


29 


37 


18.0 


24 


39 


56.5 


85... 


44 


63 


26.8 


39 


63 


32.9 


34 


53 


60.8 


29 


54 


19.8 


24 


64 


59.1 


90... 


45 


00 


00.0 


40 


00 


00.0 


35 


00 


00.0 


30 


00 


00.0 


26 


00 


(y).o 




Lat. 70". 


Lat.' 


75». 


Lat. 80». 


Lat, 85». 


Lat.fl0». 


0... 





00 


00.0 





00 


00.0 





00 


00.0 





00 


00.0 





00 


00.0 


5... 


1 


49 


01.0 


1 


20 


16.1 





62 


49.6 





26 


12.8 





00 


00. 


10... 


3 


36 


59.2 


2 


39 


50.4 


1 


45 


13.6 





62 


13.4 





00 


00.0 


15... 


6 


22 


63.6 


3 


68 


01.7 


2 


36 


46.7 


1 


17 


49.8 





00 


00.0 


20... 


7 


06 


46.6 


6 


14 


10.3 


3 


27 


04.2 


1 


42 


60.2 





00 


00.O 


25... 


8 


44 


41.0 


6 


27 


38.4 


4 


16 


42.3 


2 


07 


03.0 





00 


00.0 


30... 


10 


18 


50.8 


7 


37 


60.7 


6 


02 


18.1 


2 


30 


17.2 





00 


00. 


35... 


11 


47 


31.1 


8 


44 


14.6 


6 


46 


30.3 


2 


62 


22.0 





00 


00.0 


40... 


13 


10 


04.2 


9 


46 


20.7 


6 


27 


68.9 


3 


13 


07.4 





00 


00. 


45... 


14 


26 


67.9 


10 


43 


42.9 


7 


06 


26.6 


3 


32 


24.1 





00 


00.0 


60... 


15 


34 


45.8 


11 


36 


58.1 


7 


41 


33.6 


3 


60 


08.8 





00 


00.0 


55... 


16 


36 


06.4 


12 


22 


46.6 


8 


13 


08.0 


4 


06 


67.1 





00 


00.0 


60... 


17 


29 


42.9 


13 


03 


61.6 


8 


40 


65.9 




19 


68.3 





00 


00.0 


66... 


18 


16 


22.0 


13 


38 


60.0 


9 


04 


46.1 




32 


00.9 





00 


00.0 


70... 


18 


62 


64.2 


14 


07 


67.8 


9 


24 


29.0 




41 


50.6 





00 


00.0 


75... 


19 


22 


12.2 


14 


30 


39.0 


9 


39 


56.9 




49 


49.6 





00 


00.0 


80... 


19 


43 


11.1 


14 


46 


66.8 


9 


61 


03.9 




65 


27.9 





00 


00.0 


85... 


19 


65 


47.6 


14 


56 


43.7 


9 


67 


45.8 




68 


61.8 





00 


00.0 


90... 


20 


00 


00.0 


16 


00 


00.0 


10 


00 


00.0 


6 


00 


00.0 





00 


00.0 
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LAMBERT'S AZIMUTHAL EQUIVALENT PROJECTION~-CENT£R 

ON THE EQUATOR. 

Radial distance in units of the earth* s radius, p. p=2 sin —• 



Long. 


Lat. 0" 


Lat. 6» 


Lat. 10«» 


Lat. 15» 


Lat. 20" 


Lat. 25" 


Lat. 30" 


e 







0.087239 


0.174311 


0.261062 


0.347296 


0.432879 


0.517638 


6. 


0.087239 


0. 123258 


0. 194626 


0.274772 


0.357444 


0.440774 


0.623966 


10 


0.174311 


0.194626 


0.245575 


0.312246 


0.386221 


0.463697 


0.542460 


15 


0.261052 


0.274772 


0.312246 


0.366025 


0. 429713 


0.499147 


0.571811 


20 


0.347296 


0.357444 


0.386221 


0.429713 


0.483689 


0.644700 


0.610249 


25 


0.432879 


0.440774 


0.463597 


0.499147 


0.544700 


0.607673 


0.665018 


30 


0. 517638 


0.523966 


0.642460 


0.571811 


0.610249 


0.655918 


0. 707107 


35 


0.601412 


0.606573 


0.621760 


0.646158 


0.678600 


0. 717770 


0.762356 


40 


0.684040 


0.688288 


0.700847 


0.721190 


0.748537 


0.781957 


0.820470 


45 


0.765367 


0.768874 


0. 779277 


0.796226 


0.819192 


0.845774 


0.880486 


50 


0.845237 


0.848125 


0.856712 


0.870764 


0.889918 


0.913714 


0.941626 


55 


0.923497 


0.925858 


0.932885 


0.944423 


0.960223 


0.979962 


1.003263 


60. 


1.000000 


1.001901 


1.007667 


1.016894 


1.029712 


1.045797 


1.064883 


65 


1.074599 


1.076095 


1.080557 


1.087917 


1.098060 


1.110836 


1. 126057 


70 


1. 147153 


1. 148287 


1.151673 


1.157267 


1.164996 


1.174754 


1.186426 


75 


1.217523 


1.218332 


1.220748 


1.224745 


1.230276 


1.237280 


1.245677 


80 


1.285575 


1.286089 


1.287626 


1.290169 


1.293696 


1.298169 


L 303646 


85 


1.351180 


1.351426 


1.362306 


1.363376 


1.355066 


1.357210 


1.350795 


90 


1. 414214 


L 414214 


1.414214 


1.414214 


1.414214 


1.414214 


1. 414214 




Lat.30» 


Lat. 35* 


Lat. 40" 


Lat. 45" 


Lat. 50" 


Lat. 55" 


Lat. 60" 





0.617638 


0.601412 


0.684040 


0.766367 


0.845237 


0.923497 


1.000000 


5 


0.523966 


0.606573 


0.688288 


0.768874 


0.848125 


0.926858 


1.001901 


10 


0.542460 


0.621760 


0.700847 


0.779277 


0.856712 


0.932886 


1.007567 


15 


0. 571811 


0.646158 


0. 721190 


0. 796225 


0.870764 


0.944423 


1.016894 


20 


0.610249 


0.678600 


0. 748537 


0.819192 


0.889918 


0.960223 


1.029712 


25 


0.655918 


0.717770 


0.781957 


0.845774 


0.913714 


0.979962 


1.045797 


30 


0. 707107 


0.762356 


0.820470 


0.880486 


0.941626 


1.003263 


1.064883 


35 


0.762356 


0.811159 


0.863126 


0.917358 


0.973098 


1.029712 


1.085799 


40 


0.820470 


0.863126 


0.909038 


0.957418 


1.007567 


1.058881 


1.110836 


45 


0.880486 


0.917358 


0.957418 


1.000000 


1.044491 


1.090340 


1. 137055 


50 


0.941626 


0.973098 


1.007567 


1.044491 


1.083351 


1.123665 


1.164995 


65 


1.003263 


1.029712 


1.058881 


1.090340 


1.123665 


1.158457 


1.194330 


60 


1.064883 


1.085799 


1.110836 


1. 137055 


1.164996 


1.194330 


1.224745 


66 


1.126057 


1. 143514 


1. 162975 


1. 184149 


1.206936 


1.230932 


1.255938 


70 


1.186425 


1.199861 


1.214906 


1.231386 


1.249123 


1.267932 


1.287626 


76. 


1.245677 


1.255378 


1.266280 


1.278269 


1.291228 


1.305027 


1.319539 


80 


1.303546 


1.309775 


1.316797 


1.324647 


1.332952 


1.341939 


1.351426 


86. 


1.360795 


1.362796 


1.366188 


1.369943 


1.374029 


1.378411 


1.383056 


90 


1.414214 


1.414214 


1.414214 


1.414214 


1. 414214 


1.414214 


1.414214 
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U. S. COAST AND GEODETIC SURVEY. 



LAMBERT'S AZIMUTHAL EQUIVALENT PROJECTION— CENTER 

ON THE EQUATOR— Continued. 

Radial distance in units of the earth^s radius, p. p=j? sin-^ — Continued. 



Long. 


Lat. 60" 


Lat. 65'» 


Lat. 70* 


Lat. 75" 


Lat. 80" 


Lat. 85*' 


Lat. 90* 


o 




1.000000 


1.074509 


1. 147153 


1.217523 


1.285575 


1. 351180 


1.414214 


5 


1.001901 


1.076095 


1. 148287 


1.218332 


1.286089 


1.351426 


1.414214 


10 


1.007667 


1.080557 


1. 151673 


1.220748 


1.287626 


1.352306 


1.414214 


15 


1.016894 


1.087917 


1. 157267 


1.224746 


1.290169 


1.353376 


1.414214 


20 


1.029712 


1.098060 


1.164995 


1.230276 


1. 293696 


L 355065 


1. 414214 


25 


1.045797 


1.110836 


1. 174754 


1.237280 


1.298169 


1.357210 


1.414214 


30 


1.064883 


1.126057 


1.186425 


1.245677 


1.303546 


1.359795 


1.414214 


35 


1.085799 


1. 143514 


1.199861 


1.^55378 


1.309775 


1.362796 


1.414214 


40 


1.110836 


1.162975 


1.214906 


1.266280 


1. 316797 


1.366188 


1. 414214 


45 


1. 137055 


1.184199 


1.231386 


1.278269 


1.324547 


1.369943 


1. 414214 


60 


1.164995 


1.206936 


1.249123 


1.291228 


1.332952 


1.374029 


1.414214 


55 


1.194330 


1.230932 


1.267932 


1.305027 


L 341930 


1.378411 


1. 414214 


60 


1.224746 


L 255038 


1.287626 


1.319539 


L 351426 


L 383056 


1.414214 


65 


1.265938 


1.281713 


1.308018 


1.334630 


L 361333 


1.387924 


1. 414214 


70 


1.287626 


1.308018 


L 328926 


1.350169 


1.371574 


1.392975 


1. 414214 


75 


1.319539 


1.334630 


1.350169 


1.366025 


1.382069 


1.398172 


1. 414214 


80 


1.351426 


1.361333 


1.371574 


1.382069 


L 392728 


1.403471 


1.414214 


85 


1.383056 


1.387924 


1.392975 


1.398172 


1.403471 


1.408832 


1. 414214 


90 


1. 414214 


1. 414214 


1. 414214 


1. 414214 


1. 414214 


1.414214 


1.414214 



LATTniDE DE>^LOPMENTS. 
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LAMBERPS AZmUTHAL EQUIVALENT PROJECTION--CENTB 

ON THE EQUATOR-^Contiiiued. 

Rectangular coordinates in units of (he earWs radius. 



Long. 


Lat. Q\ 


TAt. 5*. 


l4it, 10*. 


TAt. 15«. 


X 


y 


X 


y 


X 


y 


X 


y 


• 



6 

10 

16 

20 

26 

80 

85 

40 

46 

60 

65 

60 

65 

70 

75 

80 

85 

90 



0.067239 
0.174311 
0.261062 
0.847296 

0.432879 
0.617638 
0.601412 
0.684040 
0.765367 

0.845237 
0.923497 
1.000000 
1.074599 
1.147153 

1.217523 
1.285575 
1.351180 
1.414214 


















. 








0.086991 
0. 173812 
0.260302 
0.846294 

0.431623 
0.616124 
0.699638 
0.682000 
0.763056 

0.842647 
0.920622 
0.996827 
1.071115 
1.143342 

1.213365 
1.281044 
1.346245 
1.408832 


0.087239 
0.087323 
0.087571 
0.087990 
0.088582 

0.089353 
0.090310 
0.091464 
0.092826 
0.094411 

0.096237 
0.008326 
0.100703 
0.108398 
0.106449 

0.109901 
0.113806 
0. 118231 
0.123257 



0.086241 
0.172313 
0.258051 
0.343285 

0.427851 
0.511581 
0.594311 
0.676879 
0.756122 

0.834881 
0.911995 
0.987311 
1.060670 
1. 131919 

1.200903 
1.267469 
1.331607 
1.392729 


0.174311 
0. 174476 
0. 174972 
0.175804 
0.176979 

0.178510 
0.180411 
0.182701 
0.186404 
0.188550 

0. 192172 
0. 196312 
0.201021 
0.206359 
0.212397 

0.219222 
0.226937 
0.235695 
0.245576 


0.261052 
0.064992 0.261297 
0.169813 0.262032 
0.254295 0.263265 
0.338266 0.265002 

0.421558 0.267277 
0.504001 0.270093 
0.585428 0.273485 
0.665670 0.277488 
0.744560 0.282142 

0.821934 0.287499 
0.807621 0.293617 
0.971458 0.300570 
1.043276 0.308444 
1.112907 0.317341 

1.180179 0.327383 
1.244912 0.338721 
1.306926 0.351527 
1.366025 0.366025 




T.at. 15'. 


Lat. 20». 


Lat. 25*. 


Lat. 30*. 




6 

10 

15 

20 

25 

30 

35 

40 

46 

50 

65 

60 

65 

70 

75 

80 

85 

90 



0.084992 
0. 169813 
0.254295 
0.338266 

0.421558 
0.504001 
0.585428 
0.665670 
0.744560 

0.821934 
0.897621 
0.971458 
1.043276 
1.112907 

1.180179 
1.244912 
1.306026 
1.866025 


0.261052 
0.261297 
0.262032 
0.263265 
0.265002 

0.267277 
0.270093 
273485 
0.277488 
0.282142 

0.287499 
0.298617 
0.300570 
0.308444 
0.317341 

0.327383 
0.338721 
0.351527 
0.366025 



0.083240 
0.166306 
0.249026 
0.331226 

0.412733 
0.493374 
0.572975 
0.651364 
0.728365 

0.803803 
0.877502 
0.949282 
1.018962 
1.086352 

1.151257 
1.213472 
1.272775 
1.328926 


0.347296 
0.347617 
0.348581 
350199 
0.352484 

0.355457 
0.359147 
0.363589 
0.368827 
0.374912 

0.381911 
0.389897 
0.398961 
0.409211 
0.420776 

0.433805 
0.448481 
0.465022 
0.483600 



0.080981 
0. 161785 
0.24223.5 
0.322153 

0.401363 
0.479684 
0.556939 
0.632946 
0.706066 

0.780484 
0.851641 
0.920800 
0.987761 
1.052313 

1.114235 
1.173287 
1.229210 
1.281713 


0.432879 
0.433272 
0.434451 
0.436429 
0.439222 

0.442855 
0.447361 
0.452782 
0.459168 
0.465622 

0.475097 
0.484802 
0.495801 
0.508217 
0.522193 

0.537905 
0.555553 
0.575380 
0.597672 



0.078211 
0. 156241 
0.233908 
0.311030 

0.387426 
0.462910 
0.537297 
0.610397 
0.682022 

0.751972 
0.820046 
0.886036 
0.949722 
1.010871 

1.069235 
1.124542 
1.176491 
1.224745 


0.517638 
0.518096 
0.519473 
0.521780 
0.525038 

0.529273 
0.534523 
0.540832 
0.548258 
0.556868 

0.566744 
0.577981 
0.590691 
0.605007 
0.621083 

0.639100 
0.659270 
0.681843 
0.707107 



x=p Bin a, y=p cos a. 
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IT. S. OOAST AND GEODBTIO SURVEY. 



LAMBERT'S AZIMUTHAL EQUIVALENT PROJECTION--CENTKR 

ON THE EQUATOR— Continued. 

Rectangular coordinates in tmits of the earih^s radius — Continued. 





Lat. 30'. 


Lat. 35«. 


Lat. 40». 


Lat. 46". 


Long. 




























X 


y 


X 


y 


X 


y 


X 


y 


e 







0.517638 





0.601412 





0.684040 





0.765367 


6 


0.078211 


0.618096 


0.074923 


0.601928 


0.071109 


0.684606 


0.066759 


0.765971 


10 


0.166241 


0.619473 


0.149660 


0.603479 


0.142028 


0.686305 


0.133325 


0.767787 


15 


0.233908 


0.621780 


0.224026 


0.606079 


0.212668 


0.689162 


0.199504 


0.770825 


20 


0.311030 


0.626038 


0.297836 


0.609748 


0.282538 


0.603167 


0.266103 


0.776110 


25 


0.387426 


0.629273 


0.370897 


0.614616 


0.361743 


0.608370 


0.329244 


0.779068 


30 


0.462010 


0.634623 


0.443023 


0.620417 


0.419990 


0.704826 


0.393766 


0.787681 


35 


0.537297 


0.640832 


0.614021 


0.627604 


0.487078 


0.712559 


0.456426 


0.796758 


40 


0.610397 


0.648268 


0.683694 


0.636836 


0.662806 


0.721635 


0.517691 


0.805885 


45 


0.682022 


0.656868 


0.661842 


0.646482 


0.616961 


0.732126 


0.677360 


0.816497 


50 


0.751972 


0.566744 


0.718267 


0.666627 


0.679328 


0.744114 


0.635176 


0.829164 


55 


0.820046 


0.677981 


0.782723 


0.669068 


0.739682 


0.767694 


0.690984 


0.843475 


60 


0.886036 


0.690691 


0.844341 


0.682676 


0.79T784 


0.772979 


0.744377 


0.860538 


65 


0.949722 


0.606007 


0.904904 


0.699123 


0.863380 


0.790097 


0.795240 


0.8T7451 


70 


1.010871 


0.621083 


0.962126 


0.716924 


0.906201 


.0.809194 


0.843242 


0.897360 


75 


1.069235 


0.639100 


1.016411 


0.736806 


0.966962 


0.830435 


0.888073 


0.919401 


80 


1.124542 


0.669270 


1.067469 


0.768974 


1.002308 


0.854010 


0.929400 


0.043738 


85 


1.176491 


0.681843 


1. 114934 


0.783667 


1.044910 


0.880132 


0.966848 


0.970541 


90 


1.224745 


0.707107 


1.168466 


0.811160 


1.083361 


0.909039 


1.000000 


1.000000 




Lat. 45«. 


Lat. 50'. 


Lat. 66'*. 


Lat. 60". 








0.766367 





0.846237 





0.923497 





1.000000 


5 


0.066769 


0.765971 


0.061860 


0.846866 


0.066398 


0.924139 


0.060361 


1.000685 


10 


0.133325 


0.767787 


0.123626 


0.847760 


0.112600 


0.926064 


0.100611 


1.002642 


15 


0.199604 


0.770826 


0.184800 


0.860929 


0. 168412 


0.929286 


0.149989 


1.005727 


20 


0.266103 


0.776110 


0.246^87 


0.855389 


0.223636 


0.933818 


0.199480 


1.010205 


25 


0.329244 


0.779068 


0.305387 


0.861169 


0.278071 


0.939682 


0.247901 


1.016991 


30 


0.393766 


0.787631 


0.364296 


0.868302 


0.331616 


0.946908 


0.295345 


1.023106 


35 


0.456426 


0.796763 


0.422007 


0.876829 


0.383762 


0.966628 


0.341338 


1. 030750 


40 


0.617691 


0.806386 


0.478307 


0.886800 


0.434696 


0.966686 


0.386490 


1.041432 


45 


0.577360 


0.816497 


0.632976 


0.898276 


0.483798 


0.977129 


0.429767 


1.062708 


60 


0.635176 


0.829164 


0.585785 


0.911320 


0.631139 


0.990210 


0.471219 


1.065441 


65 


0.690934 


0.843476 


0.636495 


0.926012 


0.676381 


1.004891 


0.610618 


1.079673 


60 


0.7443n 


0.869533 


0.684853 


0.942438 


0.619276 


1.021236 


0.647723 


L 005445 


65 


0.795240 


0.8n461 


0.730590 


0.960693 


0.660666 


1.039318 


0.582282 


1.112803 


70 


0.843242 


0.897359 


0.773421 


0.980881 


0.696939 


1.069210 


0.614031 


1.131788 


75 


0.888073 


0.019401 


0.813035 


1.003117 


0.731128 


1.080994 


0.642092 


1.152445 


80 


0.929400 


0.943738 


0.849094 


1.027521 


0.761799 


1.104746 


0.667970 


1.174806 


85 


0.966848 


0.970541 


0.881231 


1.054223 


0.788602 


1.130542 


0.680552 


1.198001 


90 


L 000000 


LOOOOOO 


0.909039 


1.083361 


0.811160 


L 158466 


0.707107 


1.224746 



XaBp Bin a, y=:p COB a. 



LATITUDE DEVELOPMENTS. 
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LAMBERT'S AZUIUTHAL EQUIVALENT PROJECTION— CENTER 

ON THE EQUATOR— Continued. 

Rectangular coordinates in units of the earth^s radius — Continued. 



Long. 


Lat. 60*. 


Lat. 66". 


Lat. 70*. 


• 

Lat. 7S\ 




















X 


y 


X 


y 


X • 


y 


X 


y 










1.000000 





1.074599 





1.147153 





1.217523 


5 


0.060351 


1.000635 


0.043698 


1.076207 


0.036406 


1. 147710 


0.028444 


1.218000 


10 


0.100511 


1.002542 


0.087211 


1.077032 


0.072644 


1.149380 


0.056739 


1.219429 


15 


0.149930 


1.005727 


0.130064 


1.080079 


0.108537 


1.152166 


0.084733 


1.221810 


20 


0.190480 


1.010205 


0.172940 


1.084356 


0.143914 


1.156072 


0.112277 


1.225142 


25 


0.247901 


1.015991 


0.214781 


1.089874 


0.178601 


1.161099 


0.139220 


1.229422 


30 


0.296346 


1.023106 


0.256687 


L096644 


0.212423 


1.167253 


0. 165411 


1.234646 


35 


0.341338 


1.030750 


0.295462 


1.104684 


0.245202 


1. 174640 


0.190699 


1.240609 


40 


0.386490 


1.041432 


0.333910 


1.114006 


0.276761 


1.182962 


0.214932 


1.247906 


46 


0.429767 


1.052706 


0.370826 


1.121640 


0.306915 


1.192524 


0.237959 


1.265926 


50 


0.471210 


1.065441 


0.406007 


1.136597 


0.334709 


1.203229 


0.259626 


1.264867 


66 


0.510618 


1.079673 


0.439234 


1.149898 


0.362271 


1.215076 


0.279782 


1.274684 


60 


0.547723 


1.095445 


0.470291 


1.164663 


0.387096 


1.228063 


0.298274 


L 285386 


65 


0.582282 


1.112802 


0.498947 


1.180610 


0.409766 


1.242180 


0.314963 


L296936 


70 


0.614031 


1.131788 


0.624968 


1.198048 


0.430061 


1.257414 


0.329669 


1.309303 


75 


0.642692 


1.152445 


0.648109 


1.216887 


0.447808 


1.273745 


0.342276 


1.322449 


80 


0.667970 


1.174806 


0.568115 


1.237122 


0.462796 


1.291138 


0.352628 


1.336326 


85 


0.689552 


1.198901 


0.584727 


1.258741 


0.474823 


1.309551 


0.360588 


1.360874 


90 


0.707107 


1.224745 


0.597673 
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X^p sin a, yssp COS a. 



APPENDIX. 

After the manuscript of this publication had been sent to 
the printer it was suggested that another kind of latitude 
might be of use in some cartographic and geodetic appli- 
cations. This idea was accordmgly developed and it was 
decided to add it as an appendix so that no change of 
the earlier text would be necessary. 

DEFINITION OP RECTIFYING LATITUDE. 

A sixth kind of latitude that is of some use in applica- 
tions may be defined in the following way: If a spnere is 
determined such that the length of a great circle upon it is 
equal in length to a meridian upon the earth, we may cal- 
culate the latitudes upon this sphere such that the arcs of 
the meridian upon it are equal to the corresponding arcs 
of the meridian upon the earth. 

If M represents an arc of a meridian on the earth, we 
have 

The development of this formula is given in full in ''General 
Theory of Polyconic Projections," United States Coast and 
Geodetic Survey Special Publication No. 57, pages 9 and 10. 
If w denotes the latitude upon the sphere of radius r, the 
differential element of the meridian will be given in the 
form 

dm^rdM. 

The arc of this meridian from the equator to latitude » is 
therefore given in the form 

On the earth the arc of the meridian from the equator to 
latitude (p becomes 

122 
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If the arc on the sphere is to be equal to this arc on the 
earth; we must have as the definition of w 



rw 



-''^'-^^l\i-^^n^<py' 



DEVELOPMENT OF ^-cu IN TERMS OF ^. 
In order to develop this expression in a Fourier series we 
must first set sin^ ^=o (^ ~ ^^^ ^^) ^^^ ^® S®^ 

(1-62 sm2 ^)-V,=ri(2-€2+€2 cos 2^)T*^' 

= fi (4 - 2c2 + r^g^i*' + €26-2<*' )T*^' 

8 r 4-26^ 



8 J 

-€2)V.]3 I 



in which 






1_(1_€2)V« 



l + (l-c2)V. 



Finally we get 



(1-6^ sin^ ^)-'/'- ^^^(^i^3)i/,]8 (I+^'^)"'^' a -fn€-2<^)-V. 

Since n is less than unity, the quantities in the last two 
parentheses in the right-hand member may be developed 
DV the binomial theorem into convergent series, and in 
tnis way we get 

and 

(1 -f ne-^^)''!* = 1 - |n6-2^ + ^^e-^^ - ^^^^ 
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If we multiply these two series and replace ^^-{-e"^^ by 
its equivalent 2cos 2s^, we get 

-(3n+^3+ ) cos 2<p^{^n' ^ 

.105 ,^ \ . /35 3 ^ \ ^ 

+-^^71*+ Icos 4^—1 -^^-f ) COS 6<p 

"^V^ei" jcosSv?- 

From the definition of n we obtain the values 

and 

[14-(1_^)V.]3=(1+^)'- 

By substituting these values in the original int^ral we 
get 



rw 



= a(l-»)(l-n») JT(l+|«^ 4-^^«^+ ) 

/"o ,45 , L \ o _u/15 2-^105 . 

— ( 3»+-Q-m*+ )co3 2^+( -jTi'+rr^n* 

+ ) cos 4<p—('-^^+ j cos 6^ 

+(-g|-»*+ j cos 8^- \d^, 



or after integration 



\ • o ,/15 ,.105 ,^ \ . . 

lsm2v+( Ygn'+-gjn*+ .... Ism 4^ 

/2g»'+ • ••• jsin6«>+(gY2^*+ *" )^^ I 



^46 ,^ 
+ 16" + 



• • • • 



r 



LATITUDB DEVELOPMENTS. 125 

The value of r may now be determined by the condition 
that 6) and <p are to become ■= at one and the same time. 
This condition gives for r the value 



r 



o(l-n)(l-n*/l+|n'+^»i«+ \ 



With this value of r we get 

3 . 45 



15 -^105 ,^ 

16^ + 64^+ 

l + 4«' + -64«'+ •••• 
48^'+ 

1 + 4** +-64^ + 

315 , , 
M2^ + 



• • • • 



9 . . 225 , . ^"'^ + 



• • 



l+4^'+64^*-^ 

or approximately in tenns of n up to the fourth order 
inclusive, 

316 , . ^ 

The latitude co may be called the rectifying latitude, 
since it can be used in the computation of arcs of the 
meridian. The length of the meridian on the earth from 
the equator to a given latitude (p^ is given by the formula 

in which ta^ is the rectifying latitude corresponding to the 
ffeodetic latitude ^j. The meridional arc between the 
btitudes ^i and ^ is accordingly given by the expression 
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The radius of curvature in the meridian (pm) is equal to 
the value of the expression t-^* Accordingly we get as 
the approximation for this quantity 

Pm=^— n 3n.— gTi.^ 1 cos 2^+r/ -j^2_ ^4 j ^^^ 4^ 

— g- rvr cos 6^+-gT ^ cos 8^?. 

DEVELOPMENT OF ^— a> IN TERMS OF a>. 

If/(w)=(2^-Y6^M sin 2«-(jg^^-32^M sin 4a) 
+ 40^' sm 6«— ^To^ sm 8«, 

we shall have by application of Lagrange's development 



By raising to the required power and reducing by aid of 
the reduction table on page 88, we get the approxima- 
tions 

T^f M2 9 2 207 , 45 3 ^ /9 3 31 A , 

,45 3 ^ 785 , o 
4-5rt7i^ cos 6«— cTo^ COS 8w, 
32 512 ' 

[/(«)?=■ 00^' S"^ ^^""128^* ®"^ 4a)— ^2^' sin 6a) 

+ 256^^ sm 8a), 

By differentiating these expressions we obtain the values 
^(y(«)P-x|^'sin2a)+(| -^^)sm4a) 

— -Tg-^' sm 6a)+ -gT-^ sm 8a), 
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^|/(«)p= -^.3 sin 2«+^n*'sin 4a)+^n» sin 6« 

406 , . o 

4 

^[y(o,)]4= _ i62n^ sin 40)4-32471^ sin Sw. 

By substituting these values in the Lagrange develop- 
ment; we get 

^=ra) + ( KTi— TgtiM Sin 2w — ( Y^ —32^* I sin 4a) 

+To^^ sin 6«— cTo^* sin Sw+^o^^ sin 2w 

_i./9 . 31 A . , 135 3 . ^ ^786 , . ^ 

""Tfi^^ sin 2w+-Y^n^ sin 4a + jj«n' sin 6a) 

— 5-ti* Sin 8a) — rn* sin 4a)+-o-^* sin 8a). 
8 4 2 

By collecting similar terms we obtain the approximation 

/3 27 3\ . ^ ^ /21 , 55 A . - 
^— a) = f ^^-^nMsm 2w+( jgn^-oo^ ) ^^ ^ 

^151 3 . ^ ^1097 , . Q 
+ -g7rn^sm6a)H — kTo"^ sm 8a)- 

TABULATION OF THE DEVELOPMENT. 

For convenience of reference we shall give the general 
approximations in terms of n and then the numericalvalues 
01 the coefficients for the Clarke Spheroid of 1866. 

/"K ^ s\ ' o /^15 2 15 A . . 
V?— a) = ( 2^- YgTiMsm 2^""( 15^ 32^ J ^^^ ^^ 

48^ sm 6^"5T2^ ®^ 8«. 

logn=7.22991610-10. 

^-a) = 525.'3298 sin 2^-055575 sin 4^ + 0.''0007 sm 6^. 

^-« = [2.7204320] sin 2^ -[9.74623 -10] sin 4^ 

+[6.867-10] sin 6^. 
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/3 27 3\ . ^ ^/21 , 55 A . ^ 
^-«=(k^— 52^^ )sm2a)-P( Yjgn2--^riMsm4« 

^151 3 . ^ .1097 4 • Q 

^-0) = 52553295 sin 2« + 057805 sin 4w + 050016 sin 6«. 

^-« = [2.7204318] sin 2« + [9.89236 -10] sin 4a) 

+ [7.201-10] sin 6a>. 

r=a(l-n)(l-n*)(l+|n' + ^n*+ . . . . ^ 
log r= 6.80396212. 
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LATTTUDE TRANSFORMATION. 

Geodetic to rectifying. 
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Rectifying 
latitude. 


Geodetic 
latitude. 
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^—0)- +52653298 sin 2v— 056575 sin 4^+0f0007 sin 6^. 

v>-w- [2.7204320] sin 2,5- [9.74623- 10] sin 4v>+ [6.867-10] sin 6^. 

17118"— 21 9 
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LATITUDE TRANSFORMATION— Oontmued. 

Geodetic to rectifying — Continued. 
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^— „— +52553298 sin 2^— Of 5575 sin 4v>+0f 0007 sin 6«». 

^-o)- [2.7204320] sin 2«> -[9.74623-10] sin 4«>+[6.867— 10] sin 6«». 



